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4. Voltage Induction in Three-Phase Machines
4.1 FARADAY’s Law (1831)

a) Stationary Induction:

The second law of MAXWELL

curlE :—a—B 4.1)
ot

describes the voltage induction in windings. Applying STOKESs law of integrals

§E»d§=]curl§»dﬁ
c A

for a conductor loop (closed loop C in Fig. 4.1a) that encloses the area A, equation (4.1) is

converted from differential into integral form.

ui:§E<d§:IrotE-dA:—ja—B-dA (4.2)
c A A ot

The electrically induced voltage along the loop C (integral of the electric field strength) is
called u;. The partial derivation d/ 0t can be put in front of the integral. This is possible with a
constant area A, hence no dependence A of 7, which is only possible with a stationary
conductor loop is considered:

P 9
i =¢Ey, -ds =—— B-dA=——| 4.3
u; i Wi § a ( )

A=const.

In equation (4.3), @ is the magnetic flux penetrating the area A. According to the law of
induction for stationary current loops (4.3), it is:

The electric curl field E"Wl. and the associated induced voltage u; is induced by the negative
variation with time of the magnetic flux @ enclosed by the “conductor loop” C. Therefore, the
direction of Ey; is to the left of the direction of 9B/ dr (left-hand-rule). As the current loop
is stationary, this phenomenon is called “stationary induction”.

It is important to distinguish carefully between the electric curl field (eddy field) Ey; and the
source field Ey,. According to (4.1), the electrically induced field is a curl field EWI-, because
it is calculated by a “curl” operation. The field lines are closed loops (subscript “wi”,
Fig. 4.1a). This field causes a displacement of electric charges along the conductor loop C,
which is open at the terminals 1 and 2, in a way that terminal 1 becomes negatively, and
terminal 2 becomes positively charged for a positive d®/dt . These charges (charge density p)

generate an electric source field EQM according to MAXWELL’s 4™ law divEgu = p/E. EQ“
can be measured between the terminals 1 and 2.

b) Motion Induction:

If the current loop C moves with the velocity v in the magnetic field, the flux passing the area
A may also change, even in the case of B being CONSTANT with time (B = const.). Two
cases can be distinguished:

1. The shape of the loop changes, and so does the area A (Fig. 4.1b).
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2. The loop moves from a region with flux density B; to a region with a spatial different
flux density B; # B;.

In both cases, the moving of the loop within a magnetic field which is constant with time

causes a changing of the flux across the area enclosed by the loop C. According to (4.3), a

voltage u; is induced.

In both cases 1. and 2., the area A is not constant, because the coordinates (x,y,z) of the loop
C(x,y,z) change with time: x(¢), y(t), z(¢). If the derivation with respect to time is put IN
FRONT of the integral (as in (4.3)), the change of the area A has to be taken into account
(product rule!). As

/0t x,y,z)=(0x/dt,dy/0t,dz/dt )=(v )=V

o Vys Ve

is the vector of the velocity of each path element ds of the conductor loop C, we get
according to vector analysis

9P _d15.ai=2 [B-di-fxB)-ds =
C

do _ f OB
e dt ot

5-dA—i(ﬁxEyds ) 4.4)

A=cst. A=cst.

As B is constant, it is 9B/ dr = 0. Combining (4.4) and (4.3), we get

u; = §E,-ds =§(Vx B)- ds|. 4.5)
C C

The law of induction for moving current loops (4.5) signifies:
Moving of a conductor loop C with the velocity v in the field B, which is constant with time,

generates an electrical field density induced by the motion E, = x B. The integral along

the loop C gives the motion induced voltage u;. As the conduction loop moves, this
phenomenon is called “motion induction”.

c) General Law of Induction:

- If a current loop C moves with the velocity v in the magnetic field B, where
- B changes with time,

stationary and motional induction occur at the same time.

u; =§(EWi+Eb)'d§ =§;(EWi+‘7XE)'d§=_dCT? (4.6)

C C

The general law of induction (4.6) signifies:

Every variation of the flux & through the area A that is enclosed by the conductor loop
C induces a voltage u;; this induced voltage equals the negative rate of change with time
of the linked flux.

If the loop has N turns in series, u; is N-times larger: u; = —N -d®/ dt. With the flux linkage

W=N-&=N-[B-dA “.7)
A

the most general expression of the law of induction is obtained:

dy
u, =—

=T 4.8)
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Fig. 4.1: Voltage induction in a current loop C: a) stationary current loop, but variation of the magnetic field
with time (stationary induction). b) the current loop moves within a magnetic field that is constant with time
(motion induction)

d) Current Loop at Zero Current:
At open terminals 1 and 2, no current may flow within the current loop C. Hence, the resultant
force on the charge carriers (with charge Q) is zero.

F:Q'E:Q'(EWi+h+EQu):O = EWi+b :_EQU 4.9)
As the terminals 1 and 2 are immediate neighbours, the integral along the path C from 1 to 2

2
equals the integral of the closed loop: I -ds = § -ds . Therefore, the induced voltage is
1 c
2

= §{Ews +548) a5 = (s +B) 5 = [ B 5 @10)
C 1 1

Accordingly, the voltage that is measurable from terminal 2 to terminal 1
1 2 2

u2]=jEQu-d;:—jEQu<d§=jEWl-+b-d§=u,. .11
2 1 1

equals the induced voltage.

e) Current Loop at Load:

If an external, ideal voltage source u (without any internal resistance) is connected, a current i
flows. This current is both driven by the induced voltage and by the external voltage source
and is only limited by the internal resistance R of the loop.

R~i=u+ui=u—ﬁ = R-i+£=u 4.11)
dt dt

If the current i that excites the magnetic field B flows in the loop itself, the factor between the
flux linkage and the magnetic field is called self inductance L.

Y(t)=L-i(t) s (4.12)

If a second current i, flows in a second loop and excites the field, which is linked to the
considered (first) loop, the factor is called mutual inductance M
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Y)=M -i)() . (4.13)

As aresult, (4.11) can be rewritten to give the common expression for an inductive circuit:

Ri+L Y -y Roij+M P2y (4.14)
dt dt

Example 4.1-1:

Shorted stationary coil in a time variant external field B:

The terminals 1 and 2 of loop C of Fig. 4.1a are connected, hence, they are shorted (Fig.
4.2a). The time variant external field B causes an increase of the field from the bottom up
through the loop area A and induces an eddy field Ey;. The eddy field Ey; which is connected
in left hand sense with the direction of change of B induces a short-circuit current i flowing
in left hand sense. According to AMPERE’s law, this current excites a field B, that is linked
to the current 7 in right hand sense (right-hand-rule). Hence B, acts against the cause of the
induced voltage which is the variation of the magnetic flux density with time 0B/ dt . So, the
field B, “tries” to retard the changing of the external field B.“LENZ’ law”: The current
that flows as a result of the induced voltage u; generates a self-field B., which acts against
the cause of u; (the change of the field B).

permanent magnet copper disc

conducting
shaft
shorted loop C

sliding contact

Fig. 4.2a: The voltage u; that is induced Fig. 4.2b: FARADAY’s disc: rotating copper disc in a magnetic
in a shorted loop due to variation of the field

magnetic flux density causes a current 7.

The self-field of i B, acts against the

variation of the field.

Example 4.1-2: FARADAY s disc (Fig. 4.2b):

FARADAY s disc is a simple model for a unipolar machine which generates a perfectly
constant voltage (dc voltage) without use of any electric or mechanical rectifier. It is a con-
ducting disc (e.g. copper) that is rotating together with a conducting shaft (bearing not
shown). The induced voltage due to the disc motion in the constant field B is measured
between two sliding contacts, one at the shaft and one at the outer edge of the wheel. Further,
the bar magnet is arranged co-axially with the disc. It may rotate independently of the disc.

Case a)

If the disc rotates with angular speed £2; and the magnet is at rest (£2,, = 0), motion induction
occurs, because the conductor (the disc) moves within the field. The magnet itself does not
change its field: B = const. NO stationary induction does occur: 0B/ dt =0 . The velocity

v=r-0, (4.15)
of each point of the disc at distance r of the axis of rotation is perpendicular to the vector of

the radius (circumferential direction). The vector of the magnetic flux density B leaves the
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disc in axial perpendicular direction. Accordingly, it is perpendicular to the vector of the
velocity v . Hence, the electric field due to the motion

E,=vxB=v-B-é¢, (4.16)

is oriented in radial direction pointing outwards (¢, : unity vector in radial direction). The
outer edge of the disc becomes positively charged. A source field Egy, that has the same
magnitude but is oriented in the opposite direction (inwardly) is generated. The path integral
of Ep, can be measured as dc-voltage at the sliding contacts.

U:]LEQH-dE:—_TEb-cﬁ:TEh-dE:rfv-B-dr (4.17)

Ta Ta T i

If B is constant along the radius B(r) = B, (4.18) can be derived from (4.17):

U:TV-B-dr:Tr-QS'B-dr:QS-B-(raz—riz)/Z @.18)

i i

Result:
The induced voltage increases proportionally with the frequency of rotation of the disc and
with the magnetic flux density.

Case b)

If the disc is at rest (£2; = 0) and the magnet rotates (£2,, > 0), NO voltage proportional to B£2,
is induced. NO change of the magnetic flux enclosed by the disc occurs, because the magnetic
field is constant with time and, because of the rotational symmetry of the bar magnet, it is
also constant along the circumference angle ¥ Therefore, as long as the disc is at rest, no
voltage is induced, independently from the rotational speed of the magnet (£, = 0 and
02,>0). The reason for a misapprehension of the occurrence of an induced voltage
proportional to B2, is the wrong interpretation of the flux lines (flux tubes) as material
entities with an observable relative motion, instead of the right interpretation as a
mathematical model, which indicate the magnitude and the direction of the field.

f) Relevance of the Law of Induction:
The law of induction is of utmost importance for the functioning of electric machines and
transformers.

Stationary induction Motion induction
field of B variable with time field B constant with time
coil at rest coil moves with velocity v
u;, =—d¥/dt
u;=—0¥ /0t = § Ey, - ds u; = §(ixB) ds = { E, - as
application of the law of induction:
e transformer coils ® rotating armature winding of dc-
® stator windings of three-phase machines machines
transformer induction rotary induction

Table 4.1: Relevance of the law of induction in electric machines and transformers

Example 4.1-3:
The general law of induction can ALWAYS be applied !
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This is shown with a simple linear machine (Fig. 4.3):

One coil (number of turns N,, coil width 7) moves with the velocity v in the air gap between
an iron yoke and permanent magnets (pole sequence N-S-N-S, pole width b, = 7). The air gap
field Bsis homogeneously positive or negative, depending on the polarity of the magnet.

o A

I WW W W
Bs O

e

Fig. 4.3: Voltage induction in a coil (coil width 7 velocity v) that moves in a magnetic field Bsthat is constant
with time.

a) Calculation of u; using the law of motion induction:

The induction at stand-still is zero, because the field of the permanent magnets does not
change. Voltage can only be induced by motion. The loop C becomes the length 2/, because
the face ends of the coil are outside of the area with a magnetic field. As the directions of
velocity, field and orientation of the coil sides are perpendicular to each other, it is:

1
w, =N, -2[(VxB)-d5§ =2N.vBl . (4.19)
0

b) Calculation of u; using the general law of induction:
The flux linkage ¥ changes due to the motion of the coil within the magnetic field, because
the co-ordinate of the location x = vt changes with time.

Flux linked with the coil: @ = [ B-dA=1-[(z—x)Bs - xBs]=Bs(7—2x)
A

Flux linkage of the coil: ¥(t)=N.®(t)= N,IBs(7—2x)=N,IBs(t—2-v-t)

Application of the general law of induction:

u; =———=—N_IB;

=4 g, A2V oy gy (4.20)
dt dt E—

Results:

Equation (4.20) and (4.19) are equal. Explanation: An observer that moves with the coil
would not be able to assert the movement of the coil. He would only realise a change of the
flux linkage without knowing the reason for it.

The decomposition in stationary and motion induction depends on the position of the
observer. Ultimately, only the total variation of the flux linkage is important for the
calculation of the induced voltage.

4.2 Voltage Induction in a Stator Coil
a) Voltage Induction due to the Fundamental of the Field:

Fig. 4.4 shows a stationary, full-pitched coil that is inserted into the stator slots (length per
slot: /). We assume, the field outside the area of the air gap as zero.
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Fig. 4.4: A sinusoidal travelling wave induces a Fig. 4.5: Flux of a pole with sinusoidal distributed flux

stationary coil, W =7

p density, interpreted as area beneath the field distribution

Accordingly, no additional flux is enclosed by the end connections of the coil. The
fundamental of the radial component of the flux density as described in Chapter 3

Byy(x,t)= By cos(*Z—ar) “21)
T
P

generates an alternating flux in the coil
7,/2

&(t)=1 j Bgl(x,l)dXZ%Tplégl -cosar . (4.22)

—Tp/2

The amplitude of this flux is (Fig. 4.5)

2 .
= —1,1By|. (4.23)

It pulsates with the frequency f = @/(27) (Fig. 4.5). The flux linkage pulsates with the same
frequency

P.(1)=NP.-cosax, (4.24)
thereby inducing a sinusoidal, alternating voltage in the coil:

d¥(t) _,

u; (t)=- it U, sinax (4.25)

The amplitude of this voltage is

U, =oN.®, =27fN, grl,zém ) (4.26)
T

b) Voltage Induction due to Rotating Fields of Harmonics:
The field that is induced by the excited rotor (rotating with speed n) of a synchronous genera-
tor is expressed as FOURIER-sum of the individual sinusoidal field waves (see Chapter 3).
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Generally, the inducing field waves are expressed with the ordinal numbers: the
fundamental: 4= 1, and of the harmonics: x> 1.

By (x.t) =By, cos Xy w-1), p=1,3,57, ... . 4.27)
T

r

where @ =27 -n- p. The alternating flux that is inducing a stationary coil in the stator is

rp/2 r
D, (1)=1 | Baﬂ(x,t)dx=z~l135# -sin(*"). cos( par ) (4.28)
’ T U 2
—Tp/2
with the amplitude
2 7T, .
@, =;le§” . (4.29)

The amplitude of the flux of the harmonics is by él;ﬂ Au- 351 ) smaller than the flux of the
fundamental, but it pulsates with a significantly higher frequency f, = ua/(27). The
expression sin(,u71'/2):(—l)(”_l)/2 (with g =1, 3, 5, ...) values always only 1, -1, 1, -1, ... .

Only the sign changes, but not the amplitude. The voltage induced in a single stationary coil
in the stator is,

d¥. do, 2 T, ur
_ cu o cu o . ,
Uiey == 7 -N, 0 HO- N, o ZPZB(F” ~sm(7)- sin( uar ) (4.30)

The particular case y = 1 equals (4.25), (4.26).

Result:

Not only the “useful” fundamental voltage with the frequency f =n-p, but also additional,
harmonic voltages are induced in the stator coils of a “real” machine. The amplitudes of
these harmonics voltages are smaller than the amplitude of the “useful” fundamental, yet, the
frequencies are higher.

Example 4.2-1:

12-pole synchronous generator: n = 500/min, 2p =12, f=n-p=(500/60)-6=50Hz
stator coil data: No =2, W=17,=0.5m,/=1m

Induced voltage at amplitudes of the rotor field that is inducing the coil according to Table
4.2:

M lA?(;/, Ju Doy Uiw = 0i,r,u /2 Ui /Ui
- T Hz mWb \ %

1 0.9 50 286.5 127.2 100

3 0.15 150 -15.9 -21.2 16.7

5 0.05 250 33 7.1 5.6

7 0.05 350 2.3 -7.1 5.6

Table 4.2: Example of voltage induction in a stator winding due to fundamental and harmonic rotor fields
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4.3 Voltage Induction in a Three-Phase Winding
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Fig. 4.6: Induction of a short-pitched coil of arbitrary Fig. 4.7: Three fully-pitched, series-connected
span W due to a magnetic field. The figure shows a coil coils form a coil group. The voltage per group U,,
group with ¢ = 3 coils. is determined by means of complex phasors

of alternating voltages.
A poly-phase winding consists of m phases, where each phase is a series connection (or
parallel connection) of winding branches built from individual coils. Generally, the coils are
short-pitched in case of a two-layer winding, hence, the coil span W is smaller than the pole
pitch.

a) Voltage Induction in Short-Pitched Coils:
In Fig. 4.6, the short-pitching is indicated by f=(W / 7, )z . The flux linkage of a short-

pitched coil is by the pitch factor £, , smaller than the flux linkage of a fully-pitched coil, as
equation (4.31) shows when compared with equation (4.28).

w2

By =1 [ Byycos — pandx =2 1By, -sin(u ). cos uar @31
Wiz 7, o 27,
T W
k, ,=sin| g— — 4.32
ey o

b) Voltage Induction in a Coil Group:

How big is the induced voltage of a coil group consisting of g fully-pitched coils that are —
series-connected — arranged in g neighbouring slots (slot pitch 7p)? The fundamental and the
harmonic waves induce sinusoidal alternating voltages in each coil according to (4.30). The
individual coil voltages of the fundamental are phase shifted by the slot angle (Fig. 4.6 and
Fig. 4.7)

= 27 4.33)
2mq

At the time of maximum flux linkage of the first coil of the coil group, when the maximum of
the field of the sinusoidal fundamental is in the centre of the coil, this maximum is at one slot
pitch 7, distance from the centre of the second coil. After the time # = 7p/v the maximum of
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the field wave has moved to in the centre of the second coil. With v = 2f7, and 7,/7= mq (e.g.
q =3, m=3: 5,/7 =9 slots per pole), the time t becomes ¢ = 1/(2fmg). This equals a phase
shift of

Ay =w-1=0/2fmg)=21f (2fmg)=27/2mq). (4.34)

In the case of voltage induction by a ,u‘h harmonic, the phase difference is by the factor u
larger, as the frequency of induction is  times as large.

%o 4 =U-o-t=U-27/2mq) (4.35)

This can be understood as follows: The wave length of the £ harmonic is by the factor 1/u
smaller than the wave length of the fundamental. Therefore, the distance between two
neighbouring coils — the slot pitch 7p — is 4 times as large in terms of wave lengths.

Result:
The induced voltage of a coil group equals the sum of q coil voltages that are shifted by the
phase angle &, , (Fig. 4.7).

Fig. 4.7 shows the induced coil voltages and their sum for ¢ = 3. The ratio of the length of the

phasor of the geometric sum U; ,. , and the algebraic sum of the phasor of a coil voltage
U i.c,u can be derived from the figure:
o
e ) o)
kg =28k - - m (4.36)

. a,
Wi q-25in( Q’”] q-sin[,u—ﬂ )
2 2mq

Equation (4.36) equals the distribution factor as it was introduced in chapter 3.

Result:
The induced voltage of a coil group is by the distribution factor smaller than the induced
voltage of an individual coil with the same number of turns as the coil group.

c) Voltage Induction in the Phase of a Winding:

A machine with 2p-poles and a two-layer winding has 2p coil groups, each with ¢ generally
short-pitched coils. Due to the short-pitching and the coil groups (¢ > 1), both pitch and
distribution factor have to be taken into consideration, giving the winding factor. For the
fundamental ¢ = 1, it is:

Ky = kay k py (4.37)

Using the number of turns N per phase, the r.m.s.-value of the stator voltage induced by the
field fundamental of the rotor per phase is — in analogy to (4.26) — given by (4.38).

Uy =20 N -kyy 21,18y, (4.38)
T
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In analogy to (4.30), the phase voltages induced by the /t'h harmonic of the rotor field is
with k,,, = kpikau

27, A
Uy =2muf -N-k,, .;;"13 o - (4.39)

Example 4.3-1:
- 12-pole synchronous generator: n = 500/min, 2p = 12, f =50 Hz

- stator winding: N. =2, g =2, W=5/67,a=1,7,=05m,/=1m
- number of turns per phase: N =2pgN_/a=12-2-2/1=48

M Bg, Su Doy Ui, Uin/Us,
- T Hz mWb \ %

1 0.9 50 276.7 2850.1 100

3 0.15 150 -11.3 -254.6 8.9

5 0.05 250 0.8 11.4 0.4

7 0.05 350 -0.6 -11.4 0.4

Table 4.3: Example of voltage induction in a phase of a winding due to fundamental and harmonic fields
The amplitudes of the field of the rotor are given according to Table 4.2. The induced phase
voltages of the harmonics are strongly reduced by the pitch and distribution factors.

Result:

When compared with the voltage of a fully-pitched winding (Ex. 4.2-1), the 5™ and the 7"
harmonic of the voltage is reduced from 5.6% to 0.4% by the short-pitching. The 3" harmonic
is also reduced but is still remarkable (8.9% of the fundamental). By using Y-connected stator
windings, also the 3" harmonic (and multiples) are eliminated in the line-to-line voltage.

Example 4.3-2:  Third harmonic phase voltages: Uy =U; cos(3ax)
Usy =UscosBat +27/3) = U5 cos(3at) =Usy
Usy =U;cos(3ax +47/3) =U; cos(3ar) =Usy
Third harmonic line-to-line voltage is zero: U;; =Uy_y =Uszy —Usy =0!

4.4 Self-Induction per Phase in a Three-Phase Winding

a) Self-Induction of the Stator Rotating Field:

A three-phase machine with constant air gap &, the rotor without any winding, and a poly-
phase stator winding with m phases is considered. As shown in Chapters 2 and 3, this winding
excites a step-like rotating field in the air gap (assuming gr, — o) when fed with a
symmetrical three-phase current system with the frequency f and the r.m.s.-value / (current per
phase). This can be expressed by a FOURIER sum of sinusoidal rotating waves. These waves
with the ordinal numbers v are rotating waves with — depending on the ordinal number —
positive or negative sequence.

J B _&QﬁNkW"’[

B, = 4.40
oV S » » ( )

- v
Bs,(x,t)=Bg, -cos[—a)t
4

v=1+2mg, g=0,%1,+2,+3 ..
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Due to self-induction, these rotating stator field waves induce the stator winding. The
circumference speed of the waves v, is proportional to 1/v (Chapter 3). Accordingly, the
fundamental and the harmonics induce the stator coils uniformly with the frequency f.

fr=Lv.p-ivy=p-n=f 441
2%

Analogue to (4.39), the r.m.s.—value of the V" harmonic of the induced phase voltage is:

T A
Uy, =~21f Nk, -37”18@ (4.42)
T

b) Magnetising Main and Harmonic Leakage Inductance:

Using the amplitude of the harmonic field (4.40), a correlation between the induced voltage
and the current per phase is obtained, giving the reactance X;, = @L;, of the V! harmonic.
U, =X, 1=al,,I (4.43)

k2, om It
2 3
Ly = poN :zvf £

— (4.44)
7t p-6

All self-inductances Ly, are only caused by the air gap field. This field is also called “main
field”, because it is responsible for the conversion of electric into mechanical energy and vice
versa. Therefore, the self-inductances of the rotating fields v given by (4.44) are called
magnetising inductances L, (index h).

As all voltages U, , are induced in the stator winding with the same frequency f, they can be

summarised as the overall induced voltage > U, . As all harmonic waves are excited by
v=1-57....
the same phase current /, an inductance of the total air gap field may be defined:

z Ui,v

=1,-5,7,...

Ly o1 :VT: Y Ly =(1+0,)Ly,- (4.45)
v=1,-57,...

)

The important inductance is the magnetising inductance of the fundamental L,

22m 17,
"2 ps

Ly = HoN?k =L, . (4.46)

The sum of the magnetising inductances of the harmonics is much smaller, expressed by the
factor o, (harmonic leakage factor). The value of g, is usually smaller than 0.05.

2
o,= (’”J -1 (4.47)

v, \V Ky

Result:

The harmonic air gap fields are not leakage fields, because they may flow through the rotor,
causing forces and torques. However, as they are more a parasitic than a useful effect, their
self inductance effect is summarized as harmonic leakage inductance oL, .
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c¢) Alternative way to derive L;, by considering interaction of the three phases U, V, W:

[OBNORNO] B(S,u=1,U(X) ® ® ® )
L Bsu(x)~iy
———TQ
D T T e N
X
p

Fig. 4.8: Air gap flux density Bsand the FOURIER fundamental Bj,, of the phase winding U with g = 3, single-
layer winding, one pole is shown

In the strict sense, the self-induction as described under b) is a combination of self-induction
(e.g. phase U induces in phase U) and mutual induction (phase V and W induce in phase U).
The field that is excited by the phase U is a stationary alternating field that pulsates with the
frequency f.

According to Chapter 3, the fundamental amplitude of the stationary alternating phase field is

Bs, = 5z E Nk, oI . . (4.48)

The flux per pole of the fundamental of a fully-pitched coil is
2
Pevar = FplreBoyrs (4.49)

and the flux linkage of phase U caused by the phase current iy

Pou =Ly iy =N kg - Py . (4.50)

2 4 17

Self-inductance of a phase: L, = yyN zkw,l 7.5 Lhh
- p

(4.51)

The flux linkage of the U-coils of the stationary alternating field generated by the current iy,
(hatched area in Fig. 4.9), is — at same current amplitude — only half as large as the flux
(4.42), because negative and positive flux components compensate partially.

L
Y =Ly iy =cos(27/3) Ly iy =— ”ZW iy : (4.52)

In the same way the flux linkage of phase U with the flux excited by phase W is calculated.

L
Pow = Lyow iy =cos(@m/3)- Ly iy = —%-iw : (4.53)
For a symmetrical three-phase system, it is: iy + iy + iw = 0. Hence, with iy = - iy - iy, the

resultant magnetising inductance Ly of phase U is:

¥y = Lyyly (4.54)

L . L . . L L. 3 .
hgu "y —%"w = Lyyyiy — hgu iy +iy ):E'LhUU ly (4.55)

Py = Lyyyiy -
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Hence, the magnetising inductance of one phase for m = 3 is is given by (4.56), what is in
accordance with (4.46):

3 2.2 2:317,
Ly, =—L, =UyNk;;
Y Ho Wl Y

(4.56)

+U -W +V -U +W -V +U
Tp

SR e o o

Wi-7" ~| -

|| Bsv=tv(x)~iy

» X

——

Fig. 4.9: Flux linkage of phase U with the flux excited by phase V

Result:

It was shown that the magnetising inductance per phase of a three-phase system Ly is 1.5
times the self-inductance of an individual phase. This is true for all three phases, because of
the symmetry.

Example 4.4-1:
Inductance of a three-phase rotary reactor: The stator has a three-phase winding, the rotor

does not have any winding. Per phase, the inductance Ly, (plus slot and end-winding leakage
fields) is effective.

4.5 Mutual Inductance of Two Phases of a Three-Phase Winding

Fig. 4.10a shows a three-phase winding both in the stator and the rotor:

- stator: phases U-X, V-Y, W-Z, index s,

- rotor: phases u-x, v-y, w-z, index r.

In Fig. 4.10b, the windings are expressed by the inductances L, that are displaced by 27,/3
respectively in the same way as the physical phase windings.

The rotor is at stand-still, but it is turned about an angle ywith respect to the stator. The angle
7 is between the axes of the windings (middle of the coils) of rotor and stator as shown in
Fig. 4.10a. If the rotor is turned about 27, with respect to the stator, the angle yvalues 2. The
number of poles of stator and rotor winding are the same (2p), but the parameter of the phase
windings are generally different (Table 4.4).

Stator Rotor
Number of poles 2p 2p
Number of phases i m,
Number of turns N N,
Short-pitching Wil 1z, W/,
Number of slots per pole and phase qs qr
Number of slots Qs 0O,

Table 4.4: Parameters of stator and rotor winding
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If the phases of the stator are supplied with a symmetrical three-phase system (stator current
I, stator frequency f;), rotating waves travel in the air gap along the circumference, thereby
inducing the rotor winding.

B, = Dy, Dwsv g 457
sy S » v ( )

P

A Vx
Bs,(x,t)=Bg, - cos[ -t
' T

} D _ &Q ms N kw,x,l/

Vv=1+2m,g,

>

g, :O,i],iz,i3,....| (4.58)

a) b)

Fig. 4.10: Three-phase winding of stator and rotor of an electric machine with constant air gap, a) cross-sectional
view for a machine with 2p = 2, my = m, = 3, q,=¢q,=1, W, = W, =1, b) schematic for arbitrary winding
parameters

The amplitudes of the induced voltages (4.59) have to be calculated in analogy to (4.42). The
rotor frequency f; in the rotor at stand-still equals the stator frequency: f, = f..

T ~
Uirv:‘/amcs'Nr'kwrv'gllBrfv 4.59)
w v

The mutual inductance per phase of the three-phase system Mj; , for the field harmonic v
is obtained from (4.48), (4.49):

Ui,r,v = a)sMsr,vls (4.60)

Nk 2m, 1 Tpl

w,s,vi¥Vrfw rv ?E? (4.61)

Msr,v = :uONsk

As the values of M, , decrease at least with the square of the ordinal number 1/ 1}, they
quickly become so small that it is sufficient to consider only the fundamental.

Example 4.5-1:
Mutual inductance M of a field harmonic: The first relevant harmonic has the ordinal

number vV =15. Therefore, it is M, /M,,,; < 1/25 = 0.04.
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Because of the rotor shift by y with respect to the stator, the induced rotor voltages have the
voltage phase shift y with respect to the induced stator voltages. This phase shift equals the
travelling distance of the rotating waves between the axes of the stator and rotor windings.
Further, as the rotor phases u, v, w are also spatially displaced by 27,/3, their induced phase
voltages are phase shifted by 2773. Hence, they also form a symmetrical three-phase system.

Example 4.5-2:

Rotary transformer:

If the phases U and u of the stator and the rotor are connected in series (the same V and v, and
W and w), the stator and rotor phase voltages add to each other. The following voltage is
induced between the two terminals (input of the stator phase, output of the rotor phase):

U=U,+U,=U +U,e " (4.62)

The amplitude and the phase of the resultant voltage can be adjusted continuously by
continuous variation of the angle y If e.g. the windings of stator and rotor are identically
designed, it is U, = U, and therefore:

U=U,+Ue " =U, [1+e7) 4.63)
At y= 0, the value of the stator voltage is doubled to 2U,, at y= it is zero.

Result:
The rotary transformer allows continuous variation of the voltage from 0 up to 2U;.

Rotary transformers (‘“induction regulators”) are often used in test floors, where a continu-
ously adjustable amplitude of the voltage is used e.g. for the measurement of the characteristic
curves at no-load and at short-circuit of induction machines or transformers.

L1 L2 L3 grid side

U \4 w
l_JuT
X
N 7 Yu gy
X |
U=x!
Ljul uuN uuN
u I_JU
a) terminals b) N= X

Fig. 4.11: Rotary transformer: a) principle set-up, b) voltage generation
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