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Cage induction generator for wind power 

 

A three-phase 6-pole cage induction generator for wind power has the following data: 

 

Rated voltage:  UN = 400 V Y  Rated phase current:  IsN = 1095 A 

Rated frequency:  fN = 50 Hz  Power factor:   
scos = 0.81 (generator) 

Rated shaft power:  PN = 640 kW  Bore diameter: dsi = 490 mm  

Number of turns per phase: sN = 15 

Amplitude of fundamental field wave: δ,1B = 0.994 T 

 

Stack length:   lFe = 450 mm 

 

The stack length lFe is  assumed to be equal to the equivalent iron length le for simplification! 

 

1)  Calculate the induced voltage with a winding factor kws1 = 0.945! How is this value 

called in the T-equivalent circuit? 

 

2)  Calculate the internal apparent power Sδ! 

 

3)  Determine Esson’s number C in 
m³

VAs
and in 

m³

kVAmin
 

  a) via Sδ, 

  b) via the current loading A and the fundamental field amplitude δ,1B ! 

 

4)  Determine with the rated current density J = 3.56 A/mm² the product A∙J and discuss, 

which kind of cooling is recommended, if the stator winding temperature rise at steady 

state nominal operation shall not exceed Δ  = 105 K at amb  = 40 °C ambient 

temperature! 

 

5) Determine with the product JA  the heat transfer coefficient k  at nominal 

temperature rise according to 4)! Which kind of losses is only considered?  

 

6) Calculate the rated apparent power NS  and the generator efficiency 
N ! Is 

NS  bigger 

than δS  and if so, why? Use the consumer reference frame and give the correct sign 

for the real power flow including the determination of input and output power and 

overall losses! 

 

7) Determine the specific thrust for s icos cos   and the apparent specific thrust

 appAC, ! Give the relationship between appAC,  and Esson‘s number (theoretically 

 and calculative)! 

 

8) Calculate the tangential force Ft and the electromagnetic torque eM  at rated operation 

from AC ! Assume, that eM  is equal to the shaft torque MN and determine the speed 

and the slip of the generator! If we assume Me = MN, which kind of losses are 

neglected? 
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According to Chap. 1 a totally enclosed machine with outside air-cooling and shaft 

mounted fan might be possible. For the rotor cooling an internal air circulation is 

necessary, driven by a smaller internal shaft mounted fan! 
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Only the stator I²R-losses are considered in the product JA ! 
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The stator voltage drop at Rs and sσX  is not included in δS , but it is included in SN, so 
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Losses are always positive, independent of the consumer or generator reference frame! 
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 Theoretical relationship between appAC,  and C: 
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The assumption Me = MN means the negligence of all braking torques and 

corresponding losses: 

- friction and windage losses 

- additional losses, which are related to the rotor movement like tooth flux 

pulsation losses (see Chap. 2) 
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Cage induction motor for a pump drive 

 

A 12-pole high voltage cage induction motor with open air ventilation is used as a pump 

drive in a thermal power plant. The three-phase machine has the following data: 

 

Rated power:   PN =1060 kW  Power factor:   sNcos = 0.83 

Rated voltage:  UN = 6600 V Y Rated frequency:  fN = 50 Hz 

Rated phase current: IsN = 117 A  

 

Bore diameter:  dsi = 830 mm  

Number of stator slots: Qs = 72 

Number of turns per phase:  Ns = 156 

Coil span:   W = 5 stator slots pitches 

Air gap width:    = 1.4 mm 

 

The internal voltage Uh is by 5 % smaller than the stator nominal voltage with an internal 

power factor 85.0cos i = . For a good cooling the iron length lFe = 800 mm is separated into 

20 packets with radial cooling ducts with a width of lk = 8 mm in between. 

 

1) Determine the slots per pole and phase q, the distribution factor kd1, the pitch factor 

kp1, and the winding factor kws1 of the fundamental field wave! 

 

2) Calculate the overall stack length L, the packet length l1 and the equivalent iron length 

le! Give the relationship between L, lFe and le! 

 

3) Evaluate the pole flux   of the fundamental field wave and its flux density amplitude 

1δ,B ! 

 

4) Determine the current loading A and Esson’s number C with the length le: 

 

   a) via the internal apparent power δS , 

   b) via A and 1δ,B ! 

 

5) The stator winding copper cross sections is qCu = 26.5 mm². Determine the stator 

current density J and the product JA ! Is it valid for open ventilated air cooling? 

 

6) Calculate the efficiency N , the total losses dP , and the air gap power δP via icos ! 

Separate via δP  the losses dP  into stator-side losses sd,P and rotor-side losses rd,P ! If 

rotor friction and windage losses wfr+P and rotor side additional losses radd,P  are 

5 kW, how big is the slip and the speed of the rotor? 

 

7) Calculate the specific thrust AC  and the electromagnetic torque eM  

 

   a) from AC , 

   b) from δP ! 
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The difference between a) and b) is due to rounding errors of the numerical 

calculation. 
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 According to Chap. 1 this is small enough to allow air cooling. 
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The difference between a) and b) is due to rounding errors of the numerical 

calculation. 
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Magnetic design of an induction motor 

 

A four pole three-phase squirrel-cage induction motor (tapered deep-bar cage rotor) has 

following data: 

 

Nominal power: PN =55 kW  Nominal voltage: UN =380 V/ 220 V  Y/ 

Rated frequency: fN =50 Hz  Power factor:  cos = 0.885 

Efficiency:  N = 90.8 %  Stack length:  lFe = 220 mm 

Bore diameter: dsi = 270 mm  Air gap:   = 0.7 mm 

Specific iron losses: v10 = 2.3 W/kg Sheet thickness: bsh = 0.5 mm 

Iron stack factor:  kFe = 0.94 

 

The sketch shows the stator and rotor lamination in the slot region. The double-layer stator 

winding has 11 turns per coil and layer, and four parallel branches. Coils are pitched by 5/6. 

 

1) Calculate the nominal current IN as well as the stator and rotor slot number. 

 

2) How big is the number of turns per phase and the winding factor for the fundamental 

wave of the magnetic field? 

 

3) How big is the amplitude of the fundamental wave of the magnetic air-gap field in 

motor idle operation? The voltage drop across the ohmic resistance and the leakage 

reactance in the stator winding is to be neglected. 

 

4) How big is the m.m.f. for the air gap related to the amplitude of the field from 3)? 

 

5) How big is the m.m.f. for the stator tooth related to the amplitude of the field from 3)? 

Consider only the parallel sided part of the tooth and neglect the magnetic flux through 

the slot. 

 

6) As shown in the sketch, the rotor tooth is considerably broader than the stator tooth, so 

that its influence on saturation – as well as the influence of the rather low yoke flux 

density – can be neglected. How big is the magnetizing current referred to the rated 

current in percent? 
 

 
 

Fig. 2.1-1: Stator and rotor iron lamination geometry 
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 07.1
7.022.21

2.21
04.1

7.017.17

7.17

rQr

Qr
Cr

sQs

Qs
Cs =

−
=

−
==

−
=

−
=








kk  
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= −

−
..

.
V


 

 

5) Length of the parallel flank of the stator tooth according to Fig. 2.1-1: ld = 12 mm 

Width of the parallel flank of the stator tooth according to Fig. 2.1-1: bd = 8.4 mm 

 

We assume δmaxδ1 BB  . 

 

T841T
48940

717820

dFe
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dsdssd .

..

..
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B
BBB =




=




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
 

With use of the B(H) curve for the W/kg3210 .v = sheet according to the textbook, we 

obtain: 

 

A186A2.1155A/cm155 ddsdsds ==== lHVH  

 

6) Vm = Vδ + Vds + Vdr + Vys + Vyr with assumption Vdr, Vys, Vyr << Vds we get: 
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Design of a squirrel-cage induction machine 

 

A squirrel-cage induction machine is to be designed for following rated values: 

 

PN = 200 kW    2p = 8 

 

UN = 400 V / 690 V , /Y  fN = 50 Hz 

 

1) Determine the main dimensions of “bore diameter” and “length of core” with help of 

the design curves in the text book. According to these curves, how big ist the 

efficiency, the power factor, the electric loading as well as the amplitude of the 

fundamental wave of the magnetic air gap field? 

 

2) Calculate with help of the values determined in 1) the so called Esson’s coefficient in 

units of 3mkVAmin / . 

 

3) For verification calculate Esson’s coefficient in units of 3mmin/kVA once more with 

help of the electric loading and the field amplitude determined in 1). Assume the value 

of the winding factor for this calculation with 3/ 

 

4) Determine the number of turns per phase according to the fundamental wave 

amplitude of the magnetic field (Neglect the voltage drop across the ohmic resistance 

and the leakage reactance of the stator winding). 

 

5) How big are the turns per coil if a slot number per phase and pole q = 3 and a single 

layer winding with all coils per phase connected in series is chosen? How big is the 

winding factor? 
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1) cm18kW200 pN == P   according to curve p(PN), text book Fig. 2.2-3. 

mm458mm
1808

2 sisip =


==


 ddp  

mm370cm37Fee == ll  according to curve le(PN), text book Fig. 2.2-4. 

%1928150cos .,, ==   according to curve cos(PN), (PN), text book Fig. 2.2-9, 

Fig. 2.2-10. 

 

A = 400 A/cm according to curve A(p), text book Fig. 2.2-5. 

B,av = 0.6 T according to curve B,av(p), text book Fig. 2.2-5 

T940
2

avδ,δ,1 .BB =


 

 

 
 

 Fig. 2.2-1: Fundamental wave of air gap flux density per pole pitch 
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According to the comparison of C in 2) and 3) A and B,1 have to be increased slightly, 

e.g.: 

 

A = 420 A/cm, B,1 = 0.99 T  or A = 440 A/cm, B,1 = 0.94 T. 

 

δ,1FepwssNPhN,i

2
2 BlkNfUU == 


  

 

347

940370180
23

502

400
 s .

...

N =



=




 

 

5) q = 3   723382s === mqpQ  Nc = NQ : turns per coil = turns per slot 

  

 Single layer winding, a = 1 (all poles connected in series ): 

 

 448347
1

38 c
cc

s ==== N.
N

a

N
qpN  

 

 960

36
sin3

6
sin

ds .k =






















=




 

 

A single layer winding is always full-pitched: 9601 psdswsps .kkkk ===  

              (instead of the estimated value of 3/ = 0.955) 
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Current displacement in deep-bar and keyed-bar 

 

A rotor of a 55 kW induction motor, 400 V, Y, 104 A, 1460/min, 50 Hz, is to be equipped 

either with deep-bars or keyed-bars, as shown in the sketch below. The length of the 

laminated core is 240 mm, the number of turns per phase winding is 44, the winding factor is 

0.924 and the number of slots in the rotor is 40. The starting current is five times higher than 

rated current. 

 

 

1) Calculate the resistance and slot leakage inductance per bar for the keyed as well as 

the deep-bars for no load operation (slip s = 0) at 20°C. 

 

2) Perform the same calculation done in 1) for starting point at s = 1and rated slip. 

 

3) How big are the bar current densities and the ohmic losses per bar for s = 1 and rated 

slip? (Note: For IrrsrN /,: üIIIIss = ) 

 

4) How big is the loss increase in a bar at s = 1 compared to rated slip for both bar types? 

 

 Slot sketches: 

 

    deep-bar slot     keyed-bar slot 

 

 
 

 Fig. 2.3-1: Rotor slot geometry of a) deep bar and b) keyed bar 
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1)   deep-bar slot     keyed-bar slot 
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μH93700)(sbarσ, .L ==  μH91310)(sbarσ, .L ==
 

 

2) s = 1:  Hz50Nr == fsf  
 

 s.sπ.sfπh === − 23310575010403050 67
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a) b) 
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μH51201)(sbarσ, .L ==  μH01411)(sbar σ, .L ==  

μΩ41151sbar, .R ==  μΩ32451sbar, .R ==  



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 2.3              2.3/3 
 

 s = sN:  5300270
1500

14601500
N ..s ==

−
=   

 

a) kR = 1.007   kL = 0.9978 

b) kR   1.0   kL   1.0 
 

  Bar resistance and inductance are identical for sN and s = 0. 
 

3) 0986
15040

9240443

150r

wsss
I

I

rN
rN .

.

.

.Q

kNm
ü

ü

I
I =


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


==  

 

sN: A634.2A1040986A104 IrsNrsN === ,üIIII  
 

bar current:  A634.2Irr == üII  
 

a) b) 

22
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W620W263410151 26
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s = 1: A3171A520098,6A520A1045 r,1s,1 ==== II  

 

a) b) 
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4) Increase of losses compared to sN at s = 1: 
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“Re-winding” of an induction motor 

 

Deep-bar squirrel-cage induction motor: 

 

Rated data: 

 

 PN = 500 kW 

 UN = 6 kV Y 

 IN   = 59 A 

 nN= 1482/min 

 cosN = 0.86 

 fN = 50 Hz 

 

 PFe = 9.4 kW  (Hysteresis and eddy-current losses)  

 PCu = 15.0 kW (Ohmic losses) 

 

Starting data: 

 

Starting torque: M1 = 0.8 MN 

Starting current: I1 = 5.2 IN 

 

Stator winding data: 

 

Winding type:     double-layer winding 

Number of turns per coil and layer:   Nc = 10 

Number of stator slots:    Qs = 60 

All coils per phase are connected into series! 

 

1) Calculate the number of turns per phase? 

 

2) The number of turns per coil will be decreased from 10 to 9. Decreasing the number of 

turns per coil allows increasing the cross-section of copper. Calculate the new motor 

impedances, the starting current and the starting torque! Do the motor impedances 

change? How do starting torque and current vary in comparison to the given data?  

 

3) Does the total leakage coefficient and the breakdown slip change? In case of changes, 

what is the percentage of the changes? 

 

4) How do the air-gap induction, the primary current at rated slip and the electric loading 

change? 

 

5) Compute the no load losses as well as the current-depending losses for the new number of 

turns per coil! 
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1) Specifications:  a = 1 
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→ The increase of starting current and starting torque is 23 %. The decrease of 

impedances is 19 %! 
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→ Leakage coefficient and breakdown slip do not vary by changing the number of 

turns per coil! 
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→ The increase of the air-gap induction B1 is 11%. 
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→ At nominal slip, the increase of the nominal current (as well as the starting  

current) is about (1/0.9)2 = 23%! 
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→ The increase in the current loading is about (1/0.9) = 11 %! 

 

Plausibility check: 
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With assumption cos = const., the output power increases too (Pm = Scos)! 
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 Note: On the one hand the losses increase by the factor (N/N*)2, on the other hand, 

the Esson coefficient C and the output Pm also increase by the factor (N/N*)2, which 

leads to a constant efficiency.  
 

 Practical application:  

 By variation of N at Pm = PN = const. and U = UN = const., the minimal current 

 consumption can be obtained, as the following pictures show.  
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a)         b)     c) 
 

 Fig. 2.4-1: a) Variation of flux density amplitude and stator current for variable number of turns per 

 phase at fixed voltage and frequency, b) Fundamental air gap flux density amplitude vs. magnetizing 

 current, c) Stator voltage and current phasors 
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Hysteresis and eddy-current losses in the stator core 

 

The drawing below shows the cut out of stator lamination. It was made for the stator of a four 

pole induction motor. The rated power PN of the motor at 50 Hz is 55 kW. Further data of the 

motor: 

 

 

 Number of stator slots:    Qs = 48 

 Lamination factor:     kFe = 0.95 

 Length of core:     lFe  = 220 mm 

 inner/outer diameter of the laminated core:  dsi/dsa = 270 mm / 400 mm 

 

The coefficients for the calculation of the hysteresis and eddy current losses of the steel sheet 

at 1 T and 50 Hz are:  Hy = 1.3 W/kg,   Ft  = 0.4 W/kg 

 
 

Fig. 2.5-1: Stator iron lamination geometry 

 

1) Due to the influence of saturation, the distribution of the flux density in the air gap is 

flat-top. The amplitude of the air gap flux density B,max is 0.8 T, while the amplitude 

of the fundamental FOURIER-wave B,1 is 0.85 T. What is the value of the main flux 

h? For calculating h make use of the value for the flux density of the fundamental 

wave. 

 

2) What is the value for the apparent induction B'
ds in the teeth and the induction Bys in 

the yoke. The value of the stator leakage-flux has to be taken into account as s = 0.04 

(s = s h ). 

 

3) Calculate the value for the specific iron loss v10 of the magnetic sheet steel for the 

frequencies of 50 Hz and 100 Hz in the Epstein frame ! 

 

4) Under influence of higher harmonics and by stamping the magnetic sheet steel, the 

loss coefficients for the iron increases compared to Epstein frame values. The eddy-

current and hysteresis losses in the teeth are 80 % and in the yoke 50 % higher than 

according to Epstein frame. Recalculate the hysteresis and eddy-current losses for 50 

and 100 Hz !  

  Advice: For simplification make use of B'
ds instead of Bds! 
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1)  

 
 

 Fig. 2.5-2: Air gap flux density per pole pitch 
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4)    
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Cage design of a small induction motor 

 

The data of a totally-enclosed fan-cooled three-phase 6-pole cage induction motor with 

single-layer winding are at a rated slip sN = 5.5%: 

Rated voltage:  UN = 400 V Y  Rated efficiency:  N = 0.79 

Rated frequency:  fN = 50 Hz  Power factor:   sNcos = 0.75 

Rated shaft power:  PN = 3.6 kW  Bore diameter: dsi = 130 mm  

Number of turns per phase: sN = 204,  Stack length:   lFe = 130 mm 

Fundamental air gap field wave amplitude: δ,1B = 0.9 T, stator/rotor slots: Qs / Qr = 36 / 30. 

 

1)  Calculate the electrical apparent power SN, the rated current IsN, the Esson´s number C 

in kVAmin/m3  

 

2)  Give the induced voltage per phase Uh, the rated torque MN and rated speed nN! 

 

3)  Determine the voltage and current transfer ratio üU, üI, the induced voltage per bar 

Uh,bar and the rotor bar current Ir at rated slip via the estimate sNsNrN cos II ! Why 

is there nor insulation for the rotor bars necessary? 

 

4)  Determine for a rated current density Jr = 4.2 A/mm² in the Aluminum cage the bar  

cross section area Abar and the ring cross section area Aring! 

 

5)  Give the rotor outer diameter dra with the air-gap width  = 0.4 mm! For the rotor slot 

values h4 = 1.0 mm and hbar = hring = 15 mm calculate the deep bar and ring width bbar 

and bring! With the conductivity Alu(20°C) 34 MS/m give the resistance of one bar 

(without current displacement) Rbar, of one ring segment Rring between two adjacent 

bars and the value rR  of the T-bar equivalent circuit per phase! 
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1)  VA6076)79.075.0/(3600)/(cos NsNNN === PS , 

A77.8)4003/(6076)3/( NNsN === USI , , 

 Stator r.m.s. current loading: 
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5) mm1.415/7.61/ barbarbar === hAb , mm67.615/9.99/ barringring === hAb , 

 mm67.615/9.99/ barringring === hAb , mm2.1294.021302sira =−=−= dd , 
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Stator winding design of a small induction motor 

 

The data of a totally-enclosed fan-cooled (TEFC) three-phase 6-pole cage induction motor 

with single-layer winding are at a rated slip sN = 5.5%: 

Rated voltage:  UN = 400 V Y  Rated current:  IsN = 8.5 A 

Rated frequency:  fN = 50 Hz  Power factor:   sNcos = 0.75 

Rated shaft power:  PN = 3.6 kW  Bore diameter: dsi = 130 mm  

Stack length:   lFe = 130 mm   Stator/rotor slots:  Qs / Qr = 36 / 30 

Fundamental air gap field wave amplitude: δ,1B = 0.9 T. 

 

1)  Calculate the electrical apparent power SN and the rated efficiency N! Estimate the 

inner apparent power S and induced voltage per phase Uh the by a stator stray 

coefficient s = 0.05! Give with these values the Esson´s number C in kVAmin/m3! 

 

2)  Determine the necessary turns per phase Ns for the conditions of 1)! Find the real 

number of turns per phase and per coil Nc for a series connection of the coil groups!  

 

3)  Determine the thermal utilization for a stator current density Js = 6.5 A/mm2 via the 

r.m.s. current loading As! Is the thermal limit for TEFC motors kept for a temperature 

rise of 80 K above 40 °C in the stator winding (Thermal Class B)? 

 

4) Choose the round wire copper, if wire diameters dCu = 0.6 / 0.7 / 0.8 / 0.9 mm are 

available! The slot cross section is trapezoidal with an inner and outer slot breadth bQi 

= 6.5 mm, bQa = 8.7 mm, and a slot height h4 = 0.5 mm, h1 = 12.6 mm. Check, if the 

demanded slot fill factor kf < 0.45 for single-layer winding! 

      

5)  The winding overhang length is lb = 90 mm! Determine the ohmic resistance Rs per 

phase at 20 °C! Give the corresponding stator winding I2R-losses at rated speed and 

120°C hot copper, and their percentage of total losses Pd! Give the needed copper 

mass mCu,s for the winding! 

 

6) Calculate the stator tooth width bds! Is the tooth width constant along the stator tooth?  

Check, if the apparent stator tooth flux density limit  1.9 T is fulfilled! Use for the 

flat-topped real air-gap flux density the value T9.0T8.0 δ,1maxδ, == BB , and an iron 

fill factor kFe = 0.97! 
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1)  VA58895.840033 sNNN === IUS , W441775.05889cos sNNeN === SP ,  

 %5.814417/3600/ eNNN === PP , 

 V9.21905.1/)3/400()1/()3/()1/( sNssNh ==+=+  UUU , 

 VA56085.89.21933 sNhδ === IUS , s/67.163/50/ssyn === pfn , 
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 Fundamental winding factor: 966.0p,1d,1ws == kkk . 

 Pole pitch: mm1.686/130)2/(sip ===  pd , 

 Fundamental air-gap flux/pole:  
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next integer choice: 34c =N , real turns per phase: 204346s ==N .  

 

3) Stator r.m.s. current loading: 

  A/cm75.254A/m25475
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 The Thermal Class B temperature rise demands for TEFC motors a thermal limit of 

(A/cm))A/mm(1700)( 2
maxss AJ , which is fulfilled!  

 

4) a = 1: sNsNc / IaII == ,  2
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22222
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Slot cross-section area: 
2
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45.04509.076.95/27.134/ QLcf === AANk . The manufacturing limit for semi-

closed slots with random-wound round-wire winding is very tightly fulfilled! 

 

5) Ω0.1
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The saturation condition is tightly fulfilled! 
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Heating of a three-phase winding 

 

A three-phase a.c. motor has stator coils according to the drawing of the slot as shown below 

(all conductors are connected in series). The dimensions of the bright shaped wire are 

7.1 mm1.8 mm. The active iron length lFe is 380 mm, the inner stator diameter dsi is 460 mm 

and the number of stator slots Qs is 60. Further data of the motor are given. 

 

Data: 

 

 PN = 500 kW 

UN = 6 kV 

IN = 59 A 

nN = 1460/min 

 

1) Calculate the ohmic losses per slot and the current density in the conductor at an 

ambient temperature of 30 °C. Make sure that the temperature-rise limit for a winding 

of thermal class B is fully utilised!  

 

2) Compute the temperature difference between the copper wire and the stator core, if the 

heat conductivity of the slot insulation  is 0.2 W/(mK). The heat flow via the slot 

wedge shall be neglected. 

 

3) Calculate the temperature difference between tooth tip (surface along bd) and the air in 

the air gap. Assume, that half of the ohmic losses is flowing as heat flow directly to the 

housing via the stator core.  

The heat transfer coefficient  (W/(m2K) at the surface of the core assembly is 

depending on the circumference speed of the rotor vu as the following equation shows:  
 

m/s)in  (    2075.030 uu vv −=  

 

What is the temperature difference between the copper of the winding and the cooling 

air at the air gap, when the temperature gradient of the iron along the tooth is 

neglected? 

Fig. 3.1-1: Stator slot geometry  
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1) Specifications:  

Thermal class B → temperature-rise limit according to IEC 60034-1:  80 K 

Given ambient temperature:               30 °C 

→ Cu = (80 + 30) °C = 110 °C 

 

Temperature coefficient of electrical resistance:  = 0.0039/K: 

( )

 W495910
8.11.7

38.0

2.42

10
102        

slotper   turnsofnumber   :                   

1

)connection series  todue  A,59(

mm

A
4.6 
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         :conductor ofdensity Current 
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S
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201100039.01

m
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1057

)C20(1

1

26
6

QConductord,QQd,

2
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C

22
CuCu

6

6
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=

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

=

==

=
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=
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
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=

−



NPNP

I
hb

l
P

II
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I
J

C
Cu






 

 

2)  

.
W

K
243.0

W

K

2.067.55

107.2
 :resistance thermal

,m 1067.55m 38.010)5.12672(

slot wedge of areaut slot witho of surface side:

mm, 2.7 mm
2

1.75.12
)(

2

1
 : thicknessInsulation

3

Q
d

2323
Q

Q

CuQ

=



=


=

=+=

=
−
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−−







A
R

A

A
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K 11.9K  243.049dQd,21 ===−= RP
 

 

3) Circumference speed of the rotor: 

 
s

m
2.35

60

1460
46.0siu === πnπdv , 

m 0241.0
60

46.0si
Q =


=


=

π

Q

πd
 , 

 
Km

W
 134202.3575.030

2 
=−= , 

m0116.0m0125.0m0241.0QQd =−=−= bb  , 

22
FedFe m265.0m38.0126.060 === lbQA , 

Per slot pitch:  
2

FedQFe, m0044.038.00116.0 === lbA , 

K 1.44
2

          
W

K
69.1

1340044.0

11
α

Qd,
32

QFe,
α ==−==


=


= R

P

A
R 


, 

Temperature difference beteen copper and air gap: K 53.331res =−=  . 
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Different operation modes of a.c. machines 

 

A 500 kW three-phase asynchronous motor, with shaft-mounted fan, thermally utilized in 

accordance with Thermal Class H, with an efficiency of 94.7 %, has a thermal time constant 

T = 1 h with rotating rotor (fan turns) and a time constant TSt = 1.5 h with locked rotor (fan 

is not moving). 

 

1)  How big is the admissible maximum temperature rise of the stator winding? How big 

 are the losses, which the motor at continuous operation may have? 

 

2)  How big are the admissible total losses and the output power of the motor in the 

 S2-Operation (30 min. operating time)? 

 

3)  How long is the operating time, how big are the admissible total losses and the output 

 power of the machine in the S3-Operation (60 % ON-time, duty cycle time 20 min.)? 

 

4)  Which temperature (°C) and temperature rise (K) are reached within the motor 

 winding at an ambient temperature of 20 °C, if the machine is operated continuously 

 with the admissible output power according to 3)? To what extent is the life span 

 shortening of the used insulation system with this mode of operation? 
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1) Thermal Class H: maximum temperature rise is 125 K (IEC 60034-1)! 

 

 

K 125     ,kW 285001
9470

1
1

1
1S1Sd,d ===






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  : temperature rise (“heating”) 

 
min 60             min,30B == Tt  
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I

I
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P

P
=




  (Assumption: current dependent losses dominate) 
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3) 
 

min12206.06.0/ BSB === ttt  

 
min8BSSt =−= ttt  

       

kW 382836.1

36.1
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8

1290

860
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S1d,
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
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
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

 

        kW 58250036.136.1/ S3S1S3 === PPP  

 

4) 
 

 : K 17036.112536.1S1S3 ===   Temperature rise 

 
: C 19017020S3 =+=    Temperature 

 

 MONTSINGER’s rule: + 10 K temperature rise → half life span L 

 

 125 K  →  135 K  →  145 K  →  155 K  →  165 K  → 170 K  →  175 K 

    

   L        L/2              L/4            L/8            L/16                           L/32 

 

                                                                                      
3.2132162

1 LLL
L =








+  

 

 The statistically determined life span of insulation system is shortened down to 5 % of 

 nominal value (e.q. 100000 h → 5000 h).  

rise eTemperatur
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Heating up of an asynchronous machine with blocked rotor 

 

A three-phase asynchronous motor with squirrel-cage rotor (wedge-bars in the rotor) and 

following rated data 

 

PN = 55 kW; UN = 400 V Y; fN  = 50 Hz; cosN = 0,86, N = 0.9 

 

will be connected to the mains. Due to a defect in the coupled load machine the motor cannot 

run up; the rotor is blocked. From the calculation sheet of the manufacturer, the following 

data of the equivalent circuit diagram are known: 

 

Rs = 0.06 ; Xs = 0.17 ; Xh = 8.63 , 

At s = 1 (current displacement!): Rr´ = 0.17 ; Xr ' = 0.24 . 

 

Answer the following questions: 

 

1.)  How big is the stationary current in the stator winding? 

 

2.)  How many times is it bigger than the rated current? 

 

3.)  How big are the copper losses in the stator winding at s = 1 compared to the rated 

 operation? 

 

4.)  The mass of the stator winding amounts to 22.9 kg. Determine the final temperature of 

 the stator winding with an ambient temperature (coolant temperature) of amb  = 25°C, 

 if the protection switch disconnects the motor from the mains after 20 s. Neglect due 

 to this short operating time the heat transfer from the winding to the ambient (heat 

 transfer coefficient    0: "adiabatic heating"); specific thermal capacity of copper:                   

 cCu = 386 Ws/(kg·K). 

 

5.)  The thermal time constant st,T of the machine at stand still (n = 0) amounts to 40 min. 

 How big is the winding temperature Cu  at the time 25 min after switching the motor 

 off? 

 



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 3.3   3.3/2 

 

1) Circuit diagram for s = 1: 

 

 
 

Fig. 3.3-1: T-equivalent circuit per phase of the induction machine 
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 Note: Since Xr ´, Rr´<< Xh, one can calculate with sufficient accuracy: 
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 (Calculation error: (489.3 – 497.1)/497.1 = -1.6 %) 

 

2) 
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3) 
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4)  “Homogenous body replica” (the “body” is the stator copper mass): 

 
dtAdcmdtP += sCu,sCu,CuCuV   

 
sCu,CuCuV      0  dcmdtP = ,   )1(sCu,V == sPP  

 

)t(t
cm

sP
0

)1(
0

CuCu

sCu,
sCu, =+



=
=  ,                 0)0(0 ==t ,  20=t  s 

       6100
386922

2044480
sCu, .

,
=




=  K 

 

a)            b)      
 

 Fig. 3.3-2: Rise of a) the winding temperature, b) the winding temperature difference to ambient 

 temperature 
 

 Result: C 6125C 25K 6100s 20 ambsCu,sCu, =+=+== ,,)t(   

 

5)  Cooling: Ttett /
0sCu, )0()( −==   

 New time counting: t = 0: Motor switched off     0=VP , 6,100)0(0 ==t  K 

 
40st == TT  min. (Stand still),  t = 25 min, 62504025st ./T/t ==  

 

 
 

 Fig. 3.3-3: Rise and fall of the winding temperature difference to ambient temperature at locked rotor 
 

 
9536100min)25( 6250

sCu, .e. . == −  K 

 
C8.97C 25K 953min)25(min)25( ambsCu,sCu, =+=+= .  

Rotor locked 
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Thermal Heating of a Totally Enclosed, Fan Cooled Cage Induction Motor 

 

A totally enclosed, fan cooled, cage induction motor has the following losses and thermal 

resistances according to Fig. 3.4-1: 

- Rotor-end ring via air to end shield:      Rth1 = 167 mK/W 

- End shield via housing to ambient air:   Rth2 =50 mK/W  

- Rotor surface via air gap to stator iron:    Rth3 = 79 mK/W 

- Stator winding via insulation to stator teeth:   Rth4 = 21 mK/W 

- Stator teeth to stator yoke:  Rth5= 12 mK/W 

- Stator yoke via housing to ambient air   Rth6 = 20 mK/W 

- Rotor cage losses, including additional losses 

and friction losses:        Pr  = Pcu,r + Pad + Pfr+w =1300 W 

- Stator winding losses:   PCu,s = 1200 W  

- Stator iron losses in teeth   PFe,ds = 200 W 

- Stator iron losses in the yoke   PFe,ys = 400 W 

 

 
 

Fig. 3.4-1: Losses and heat sources plot 

 

1) Determine the temperature rise 20 between stator winding and stator iron! 

2) Determine the motor efficiency for an output power of Pout = 60 kW!  

3) Determine the heat flow P0!  

4) Determine the heat flow P1, P2, P3, P4! 1 Give the power flow as a graph like in Fig. 3.4-1. 

5) Determine the temperature rise 1 in the cage (node 1), 2 of the stator iron teeth (node  

2) and 3 of the stator iron yoke (node 3)! 

6) Where is the hot spot in the machine?   

 

1) K2.2510211200 3
4,,20 === −

thsCu RP  

2) Total losses:   

 kW1.3W310040020013001200,,,d ==+++=+++= ysFedsFersCu PPPPP  

 
%09.95

1.360

60

dout

out =
+

=
+

=
PP

P
  

 
1 Use the Kirchhoff’s circuit laws! 
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3) Heat flow: W1200,0 == sCuPP  

4) Kirchhoff node equations (19, (2), (3): 

 21rCu, PPP += , dsFePPPP ,023 ++= , ysFePPP ,34 +=  

 Kirchhoff mesh equation (4): 34231214  ++=  

 Or: 4th63th52th31th2th1 )( PRPRPRPRR ++=+  

 Solution of the four equations (1) … (4) for the four unknowns 4321 ,,, PPPP  

 W4003,34 +=+= PPPP ysFe , W14003,032 −=−−= PPPPP dsFe  

 W2700)( 3,03,1 +−=−−−= PPPPPP dsFerCu ,  

W5.688328.0

40002.01400079.02700217.0)02.0012.0079.0217.0(

)400(02.0012.0)1400(079.0)2700(217.0

02.0012.0079.0)05.0167.0(

3

3

3333

4321

=

−+=+++

+++−=−

++=+

P

P

PPPP

PPPP

 

Solution: 

2499WW)4002099(

W601W)27002099(W,699W)14002099(W,2099

4

123

=+=

=+−==−==

P

PPP

 

 

Fig. 3.4-2: Heat flow 

 

5) K4.130601)05.0167.0()( 1th2th1141 =+=+== PRR  

 K0.50249902.04th6343 ==== PR  

 K2.752099012.050K0.50 3th52332 =+=+=+= PR  

Check: 12th32 K4.130699079.0K2.75  ==+=+ PR  

6) K4.1301 = , K4.130K4.100K2.25K2.752020 =+=+=   

The hot spot in the machine is the rotor cage.  
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Temperature rise in a copper wire 

 

A cylindrical copper wire with the diameter d = 0.1 mm, and the length l = 10 cm is fed from 

t = 0 onwards by a DC current I = 0.8 A! The resistance of the wire is R20 = 0.223 Ω. The wire 

is placed in air and cooled by natural convection and radiation (α = 15 W/(m2·K)).  

 

1) Give the differential equation for the wire temperature rise Δ, the formula for the thermal 

time constant T and the stationary temperature rise Δ∞ at the wire loss Pd. 

2) Evaluate T and Δ∞ for a conductivity at 20 °C, κ20 = 57 MS/m, a mass density 

γ = 8900 kg/m3 and a specific heat capacity c = 388.5 J/(kg·K). 

3) Sketch the solution with correct scaling and determine Δ (T), Δ (2T) and Δ (3T) and 

the initial condition Δ(0) = 0.  

4) Now consider the increase of electric resistance R()=R20·(1+αCu· Δ). Give the new 

differential equation for Δ(t), give the new time constant T’  as formula and in numbers. 

(αCu= 1/255 K-1) 

5) Determine the new solution Δ(t) with Δ(0) = 0 with T’ and determine the values Δ(t) 

for t = 0.2·|T’|, 0.4·|T’|, and 0.6·|T’|. Give a qualitative sketch of Δ(t)! What is the 

significant difference to the solution of 3)? 
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Fig. 3.5-1: Stable temperature rise in the wire 
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There is no stable temperature rise, as the loss increase is faster than the cooling  

process. The increasing temperature increases the resistance and hence the losses due to the 

impressed current, which gives a further heating up to infinite values. The wire will reach the 

melting temperature. This is the basic lay-out principle of a fuse. 

 

 

Fig. 3.5-2: Unstable temperature rise in the wire 
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Transient temperature rise in a motor stator 

 

The temperature rise in the stator iron stack and stator copper winding of a 4-pole 11 kW 

squirrel cage induction motor for 400 V Y, 50 Hz, has to be calculated for rated steady state 

operation after turning on the cold machine. The air-cooled motor is totally enclosed with a 

shaft-mounted radial fan (TEFC). The thermal resistance between the stator iron stack in the 

housing and the outside air is determined by the cooling fins as Rth1 = 0.072 K/W, and that of 

the electrical insulation between the stator winding in the slots as Rth2 = 0.047 K/W. The 

stator winding copper mass and specific heat capacity are mCu = 4.8 kg, cCu = 388.5 

Ws/(kgK); the corresponding values for the stator iron stack are mFe = 22.5 kg, cFe = 502 

Ws/(kgK). The losses in the stator winding and stator iron stack are constant as PCu = 554 W, 

PFe = 260 W. Use in the following the simplified thermal equivalent network of Fig. 3.6-1. 

The masses of the housing and of the end shields and the corresponding heat flow are 

neglected as well as the rotor copper, friction and additional losses! 

 

 
Fig. 3.6-1: Thermal equivalent network of the stator iron stack and stator copper winding  

 

1) Give the set of differential equations for the temperature rise of the iron stack Fe in node 

1 and of the stator copper winding Cu in node 2 for general functions PCu(t), PFe(t). 

Assume the temperature rise in node 0 (housing surface) over the air coolant temperature 

to be zero:  = 0. 

2) Give for the system of Fig. 1 one resulting differential equation a) for Cu, b) for Fe. 

Comment the result!  

3) Give the relevant thermal time constants. 

4) Determine the temperature rise Cu(t) and Fe(t) as general formulas for the initial 

condition Cu(0) = 0, Fe(0) = 0 and constant losses PCu = const., PFe  = const.   

5) Give the steady state values Cu(t → ) = 0, Fe(t → ). 

6) Give the graph Cu(t) and Fe(t) for 0  t  T (with T at least as three times the longest 

time constant of the system).   
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1)  

Cu
th2

FeCuCu
CuCu P

Rdt

d
cm =

−
+


                  (1) 

Fe
th2

FeCu

th1

FeFe
FeFe P

RRdt

d
cm =

−
−+


                  (2) 

2)  

CuCu

Cu
Fe

th2CuCu
Cu

th2CuCu

Cu 11

cm

P

RcmRcmdt

d
=−+ 


                  (1) 

FeFe

Fe
Cu

th2FeFe
Fe

th2th1FeFe

Fe 1111

cm

P

RcmRRcmdt

d
=−








++ 


                          (2) 

 

Abbreviations: 

th2CuCu

1

Rcm
a = , 

th2FeFe

1

Rcm
b = , 








+=

th2th1FeFe

111

RRcm
c , 

CuCu

Cu
Cu

cm

P
p = , 

FeFe

Fe
Fe

cm

P
p =  

(1): CuFeCuCu paa =−+   , (2):  FeCuFeFe pbc =−+                              

a) CuFeCuCu paa  =−+   

(2)→(1) yields (1´): CuCuFeFeCuCu )( pbcpaa  =+−−+   

(1)→(1´) yields: FeCuCuCuCuCuCuCu )( papapcbaa +=−−−−+    

FeCuCuCuCuCu )()( pappcbcaca ++=−+++       (3´) 

b): FeCuFeFe pbc  =−+                             

(1)→(2) yields (2´): FeFeCuCuFeFe )( paapbc  =+−−+   

(2)→(2´) yields: FeCuFeFeFeFeFeFe )( ppbbapcac  +=−−+++   

FeFeCuFeFeFe )()( ppapbbcaca  ++=−+++      (3´´) 

Results (3´) and (3´´) show, that the homogeneous differential equation, describing the 

dynamical system behaviour, is identical both for Cu(t) and Fe(t): 

0)()( CuCuCu =−+++  bcaca     ,      (4´) 

0)()( FeFeFe =−+++  bcaca     .       (4´´) 

The difference is in the right hand side of (3´) and (3´´), describing the steady state solution, 

which yields different temperatures for copper winding and iron stack.  

 

3) 

The solution functions of the homogeneous differential equations (4´), (4´´)    
tt

eCeCt 21
21hCu, )(

 += , 
tt

eDeDt 21
21hFe, )(

 +=  

yield the characteristic second order polynomial 

0)()()()( 21
2 =−−=−+++  bcaca  

with its roots 21,   as the negative inverse of the two thermal time constants 

2211 /1,/1  −=−= TT : ba
caca

bca
caca

+






 −


+
−=−−







 +


+
−=

22

2,1
22

)(
22

 . 
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Long/short time constant: 

ba
caca

T

+






 −
−

+

=
2

1

22

1
, 

ba
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T

+






 −
+

+

=
2

2

22

1
 

s/0114.0
047.05.3888.4

11

th2CuCu

=


==
Rcm

a , 

s/0019.0
047.05025.22

11

th2FeFe

=


==
Rcm

b , 

s/0031.0
047.0

1

072.0

1

5025.22

1111

th2th1FeFe

=







+


=








+=

RRcm
c , 

 

min4.16s8.985

0019.00114.0
2

0031.00114.0

2

0031.00114.0

1

2
1 ==

+






 −
−

+

=T , 

min2.1s2.74

0019.00114.0
2

0031.00114.0

2

0031.00114.0

1

2
2 ==

+






 −
+

+

=T . 

4) 

For constant right hand side values ( 0Cu =p , 0Fe =p ) also the particular solutions of (3´), 

(3´´) are constants: 1pCu, )( Kt = , 2pFe, )( Kt = .  

=
−

+
= Cu,

FeCu
1

)(


bca

papc
K , =

−

+
= Fe,

FeCu
2

)(


bca

papb
K  

=++= Cu,th1Feth2th1Cu1 )( RPRRPK , =+= Fe,th1FeCu2 )( RPPK  

Initial conditions:  

0)0(Cu = , CuCu )0( p=   (from (1)); 0)0(Fe = , FeFe )0( p=   (from (2)). 

111pCu,hCu,Cu
21)()()( KeCeCttt
tt

++=+=
  

211pFe,hFe,Fe
21)()()( KeDeDttt
tt

++=+=
  

0)0( 121Cu =++= KCC , Cu2211Cu )0( pCC =+=    

0)0( 221Fe =++= KDD , Fe2211Fe )0( pDD =+=    

12

Cu21
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
−−

++= Cu,
/

2
/

1Cu
21)(  TtTt

eCeCt , 
−−

++= Fe,
/

2
/

1Fe
21)(  TtTt

eDeDt  

 

5) 

K7.84072.0260)047.0072.0(554Cu, =++= , K6.58072.0)260554(Fe, =+=  

 

6) 

K7.67
8.985/2.741

7.848.985
5.3888.4

554

1 −=
−

−
=C , K0.17

2.74/8.9851

7.842.74
5.3888.4

554

2 −=
−

−
=C  

K6.61
8.985/2.741

6.588.985
5025.22

260

1 −=
−

−
=D , K0.3

2.74/8.9851

6.582.74
5025.22

260

2 =
−

−
=D  

K7.84K0.17K7.67)( s2.74/s8.985/
Cu +−−= −− tt eet , 

K6.58K0.3K6.61)( s2.74/s8.985/
Fe ++−= −− tt eet  

Graph for 0  t  T = 3000 s in Fig. 3.6-2! The long time constant is dominating the transient 

temperature rise. 

 

 
Fig. 3.6-2: Calculated temperature rise of copper winding and stator iron stack for constant iron and ohmic losses 
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Thermal time constants 

 

An open-ventilated four-pole cage induction motor 550 kW, 6.6 kV Y, 50 Hz has Qs = 60 

open stator slots (slot height hQ = 69 mm, slot width bQ = 12.5 mm, main insulation thickness 

d = 2.7 mm) and an iron stack length lFe = 380 mm. The double-layer winding overhang is 

cooled with an air flow velocity v = 12 m/s. The coil height is ca. half slot height hQ/2, the coil 

breadth is ca. slot width bQ and the length of winding overhang per coil per side is lb = 614.8 

mm. The stator housing outer diameter is Dsa = 790 mm and its axial length is L = 820 mm. 

 

1)  Determine the cooling surface of the stator copper winding in the slots AQ and in the 

winding overhang Ab! Neglect the hat flow via the stator slot wedges! Calculate the 

cooling surface of the stator housing AG! Neglect the housing front sides!  

 

2)  Determine the heat resistance RthQ due to heat conduction from the copper conductors 

to the stator iron via the main slot insulation thickness d for a thermal conductivity th 

= 0.2 W/(mK). Calculate the heat resistance Rthb due to heat convection from the 

insulated winding overhang to the cooling air! Determine the convective heat 

resistance Rth1 from the housing surface to the cooling air at an air velocity v = 12 m/s.   

 

3)  The I2R-losses in the stator winding are PCu,s = 7739 W, of which 45 % occur in the 

slot conductors. Determine the copper temperature rise of the slot conductors 

sFe,QCu,  −  above the stator iron temperature, and the copper temperature rise 

airbCu,  −  of the winding overhang conductors above the cooling air temperature!  

 

4)  The stator iron losses at rated operation are PFe,s = 6779 W, the rotor copper losses are 

PCu,r = 4538 W and the additional losses (occurring mainly in the rotor) are Pad,1 = 

2875 W. Assume that 50% of PCu,r + Pad,1 give a heat flow via the air-gap to the stator 

iron, whereas the other 50% are transported off via the cooling internal air flow. 

Determine the steady-state stator iron and slot copper temperature rises Fe,s, Cu,Q! 

Is the Thermal Class B limit exceeded? 

 

5)  The mass of the stator iron stack is mFe,s = 631 kg, the stator winding copper mass is 

mCu,s = 142 kg. The mass of the stator steel housing is mG = 427 kg, which is also 

heated up and must therefore be added to mFe,s. Give with cFe = 502 J/(kgK), cCu = 389 

J/(kgK) the long and short time constant T1, T2 of the stator copper and iron mass! 

After roughly which time the steady-state over-temperature is reached? 
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1)  Slot cooling surface: No heat flow via stator wedges: QQQ 2~ bhA + .  

26
FeQQsQ mm43.310380)5.12692(60)2( =+=+= −lbhQA , 

Cooling surface of insulated stator coils in the winding overhang of drive-end and non-

drive-end side: 
26

bQQsb mm93.6108.614)5.12)2/69((2602))2/((22 =+=+= −lbhQA , 

Cooling surface of the stator housing: 
2

saG m04.282.079.0 ===  LDA . 

 

2) Thermally conductive resistance from slot copper to iron: 

K/W1094.3
43.32.0

0027.0 3

Qth
thQ

−=


=


=
A

d
R


, 

Convection from insulated winding to moving air: Heat transfer coefficient: 

K)W/(m6.511288 24/34/3 === v , 

 Thermally convective resistance from insulated overhang to cooling air: 

K/W1059.2
93.66.51

11 3

b
thb

−=


=


=
A

R


, 

 Thermally convective resistance from the housing surface to the cooling air: 

Heat transfer coefficient from metal to air: 

K)W/(m6.78121515 23/23/2
G === v , 

  K/W1023.6
04.26.78

11 3

GG
th1

−=


=


=
A

R


. 

 

3) Copper losses in the slot conductors: PCu,sQ = 0.45  7739 W = 3483 W, 

 K7.1334831094.3 3
sQCu,thQsFe,QCu, ===− −PR . 

 Copper losses in the winding overhang conductors: PCu,sb = 0.55  7739 W = 4256 W, 

 K0.1142561059.2 3
sbCu,thbairbCu, ===− −PR . 

 

4) Effective losses for the iron heating: Peff = PFe,s + 0.5  (PCu,r + Pad,1), 

 W10486)28754538(5.06779eff =++=P , 

 K3.65104861023.6 3
effth1sFe, === −PR . 

 K0.793.657.13)( sFe,sFe,QCu,QCu, =+=+−=  . 

 Thermal Class B limit (IEC 60034-1): 80 K over 40°C ambient! 

 K80K0.79QCu, = : Th. Cl. B limit is not exceeded!  

 

5) s9.33081023.65021058 3
th1FeFeFe === −Rcm , 

 kg1058427631GsFe,Fe =+=+= mmm , 

s6.2171094.3389142 3
thQCuCuCu === −Rcm , 

s9.128110
94.323.6

94.323.6
5021058 3

thQth1

thQth1
FeFe =

+


=

+


= −

RR

RR
cm , 
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FeCu

2

CuCu

1

41111

2





−







+−+

=T , 

s6.3674

9.33086.217

4

6.217

1

9.1281

1

6.217

1

9.1281

1

2

2
1 =


−








+−+

=T , 

FeCu

2

CuCu

2

41111

2





−







+++

=T , 

s9.195

9.33086.217

4

6.217

1

9.1281

1

6.217

1

9.1281

1

2

2
2 =


−








+++

=T , 

s9.3308s6.3674 Fe1 == T , s6.217s9.195 Cu2 == T ! 

After ca. 3 long time constants the steady-state over-temperature of copper and iron 

are reached: hours3min183.7s8.11023s6.367433 1 ===T ! 
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Switching of a choke coil 
 

A choke coil with the current-independent inductance L and resistance R is connected at the 

time t = 0 to an AC voltage source  

)sin(ˆ)(  += tUtu   

 

The following data are given:  V10ˆ =U , Hz100)2/( == f , R = 1 , X = L = 1 .   

 

1)  Using the homogeneous and particular differential equations, calculate analytically the 

 current in the coil and discuss the results. 
 

2)  For the two different switching moments, at  = 0 and  = π/2, give the current 

 expressions! Analyze the special case of R = 0! 
 

3)  Using the method of Runge-Kutta, determine for  = 0, by numerical integration, the 

 current variation of the coil for the first two periods of the AC voltage source and 

 compare the result with the analytical calculation of 1)! 
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1)   The linear differential equation of first order with constant coefficients for t  0: 

)sin(  +=+ tÛiR
dt

di
L  

 

Initial condition: 0)0( =i  

Homogeneous differential equation:  

0h
h =+ iR

dt

di
L

 

 

Solution approach: 
teCi = 

h .  Inserted in the homogeneous differential equation, 

this yields: T/L/R 1−=−=  with the time constant R/LT = . 

 

Particular differential equation: 

( ) sincoscossinp
p

+=+ ttÛiR
dt

di
L  

 

Solution approach: tBtAi  cossinp += . 

Inserted in the particular differential equation, this yields 

 

( ) ( )

( )



sincoscossin

sincoscossin

+

=−++

ttÛ

tBtALtBtAR
 

 

Each of the coefficients of tsin , tcos  of the above equation must be identical on 

the left and on the right side:  

 

tsin :  cos=− ÛBLAR  

tcos :  sin=+ ÛALBR  
 

The linear system of equations with two unknowns A, B is solved with the Cramer's 

rule. 

  


















=
















 −









sin

cos

Û

Û

B

A

RL

LR
, 







 −
=

RL

LR
N




)(  

22 )()( LR
RL

LR
NDet 




+=

−
=  

22 )(

sincosˆ
sinˆ

cosˆ

)(

1

LR

LR
U

RU

LU

NDet
A









+

+
=



−
=  

22 )(

cossinˆ
sinˆ

cosˆ

)(

1

LR

LR
U

UL

UR

NDet
B









+

−
=




=

 
 

The solution for the current is the sum of homogeneous and particular solution. 
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tBtAeCiii T/t  cossinph ++=+= −

 
 

In order to determine the unknown constants C, the initial condition is used. 
 

BCBCBAeCi T/ −==+=++= 00cos0sin)0( 0

 
 

Thus we obtain the analytical solution for the current flow: 

 

( ) tAetBti T/t  sincos)( +−= −  

 

Discussion of the result: 

The current decays with the time constant T = L/R due to the transient DC component 

of the homogeneous solution. After about three time constants 3T, it has almost 

decreased to zero, and the steady state solution remains as an alternating current 

tAtBti  sincos)( +=  of the particular solution. With the approach cosÎA = , 

sinÎB =  we obtain )sin(  += tÎ)t(i  with the amplitude 

2222

22
22

)()(

)(

LR

Û

LR

LR
ÛBAÎ





+
=

+

+
=+=  

and the phase angle 








+

−
==






sincos

cossin
arctan)/arctan(

LR

LR
AB . 

2) a) Switching on at the zero voltage crossing   = 0: 

22 )( LR

R
ÛA

+
= , 

22 )( LR

L
ÛB





+
−=  

 

b) Switching on at the maximum voltage φ = π/2: 

22 )( LR

L
ÛA





+
= , 

22 )( LR

R
ÛB

+
=  

 

In the special case R = 0, the time constant T is infinite, and the DC component does 

not decay. 
 

a) For R = 0,  = 0, with 0=A , 
L

Û
B


−=  the current is  

( )t
L

U
ti 


cos1

ˆ
)( −=  , 

 

a superposition of a direct current and an alternating current component of the same 

amplitude. The first peak value of current occurs at the time /π*t =  and with 

L

Û
î



2
=  , it is twice as large as the AC current amplitude. 

 

b) For R = 0,  = /2, with 
L

U
A



ˆ
= , 0=B  the current is 
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t
L

U
ti 


sin

ˆ
)( =  , 

 

a pure alternating current. The first peak value of current occurs at the time 

)2( /π*t = , and it is half as big as in the case a). 

 

3) For the numerical integration, we write the differential equation as follows: 

 

)sin()(  ++−= t
L

Û
ti

L

R

dt

)t(di
,  i(0) = 0 

 

The following values are used: 

s1002 /=  , 0= , V10=Û , R = 1 , 

mH1833)1002(1 .//XL ===  . 

 

The voltage period is 1/f = 1/100 = 0.01 s. The calculation is performed during two 

periods, so for a period of 20 ms. The integration step size is 1 / 1000 of this period: 

ms0201000ms20 ./t == . 

The numerical solution is compared with the analytical solution in Fig. 4.1-1. They are 

identical, because the numerical deviations from the analytical values are smaller than 

the line width, used for the graphical representation. 

 

 
 
Fig. 4.1-1: Given voltage curve and numerically and analytically calculated current (coincident), 

flowing in the coil after switching on at t = 0 (switching angle  = 0, R = X = 1 Ω, f = 100 Hz) 

 

The analytical calculation yields: 

 

A5
11

1
10

)(

ˆ
2222

=
+

=
+

=
LR

R
UA


, 

A5
11

1
10

)(

ˆ
2222

−=
+

−=
+

−=
LR

L
UB




 

ms1833mH/1Ω1833 ..R/LT === .  

( )tetBti Tt  sincos)( / −−= −
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After about 3T = 3∙3.183 ms ≈ 10 ms resp. the period of the voltage curve, the direct 

current has almost completely vanished. The current amplitude during the second 

period reaches the steady state value 

 

A07755 22 .Î =+= .  

 

The steady state phase angle between voltage and current is: 

4/)1arctan(arctan π
A

B
−=−=








=  

The current lags the voltage by 45 degrees. 
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Self-excitation of a synchronous generator 
 

A synchronous generator with SN = 10 MVA, UN = 3 kV is driven by a turbine at rated speed 

nN. Its stator winding is connected via a transformer to a power transmission line, whose 

terminals are open (“open circuited power transmission line”). Due to the iron remanence, an 

AC voltage upR(t) is induced into the stator winding with the rated frequency fN = ω/(2π)= 50 

Hz. The resulting reactance per phase X=818.2 mΩ represents the sum of the synchronous 

reactance of the generator, the short-circuit reactance of the transformer and the reactance of 

the power transmission line. The capacitance C of the secondary open transmission line is 

relatively big, because of their relatively big length, so the associated reactance XC is 

calculated, relatively to the generator voltage level, which is about 5% larger than X: 

XC = 1.0526∙X. The ohmic resistances and all other loss components are neglected. The 

transformer converts the voltage of 3 kV on the generator side to 220 kV on the grid side with 

the ratio ü. 
 

1)  For a remanent voltage UpR of 5% of the rated voltage of the generator, calculate the 

 generator charging current IL = -Is of the power transmission line and its rms value as a 

 percentage of the rated current! 

 

2)  Determine the voltage U´ at the open terminals of the transmission line in proportion 

 to the rated voltage and the remanent voltage at the generator terminals! Why can we 

 address this as "self-excitation"? 

 

3)  Calculate analytically the stator current per phase is(t) and the generator voltage u(t) at 

 the open secondary terminals of the power transmission line, when the transmission 

 line is switched to the generator terminals at the time t = 0. The time function of the 

 remanent voltage in the considered winding phase is:  
 )sin()( pRpR tÛtu =  

 

4)  Calculate numerically is(t) and the voltage u(t) for s400 .t   with the Runge-Kutta 

 method and compare the resulting curves with the analytically determined values from 

 3). 
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1)  Using the complex AC-current calculations, currents and voltages on the grid side 

(transmission line) are calculated relatively to generator voltage level by ü: 

Charging current of the transmission line, calculated on the generator side LL IüI =    

The voltage at the secondary terminals of the power transmission line, calculated with 

respect to the generator voltage level: ü/UU =   

The reactance of the transmission line capacitance, calculated with respect to the 

generator voltage level: 

CüCCXüXX === 2
C

2
CC ),/(1,/   

Consumer reference system for the generator ( Ls II −= , Fig. 4.2-1), determination of 

the generator rated current: 

NNN 3 IUS = , A5.1924)33/(10000)3/( NNN === USI  

Stator voltage equation: UUIjX =+ pRs ,  

Voltage at the capacitance: LC IjXU −= . 

Both equations yield the capacitive charging current: 

XX

U
jI

−
=

C

pR
L . 

Due to XX C  the charging current leads the remanent voltage by 90°. As the rated 

voltage is a line-to-line value, the phase value of the remanent voltage is determined 

according to: 

 V6.863/300005.03/05.0 NpR === UU . 

N
C

pR
L 1.0456A2.2012

8182.0)10526.1(

6.86
I

XX

U
I ==

−
=

−
=  

Due to the excitation of the electric oscillation system, formed up by L and C, by the 

generator remanence voltage with a frequency of 50 Hz, which is close to the 

resonance frequency,  the charging current is 104.56 % of the rated current and hence 

too big. The current amplitude is A72845220122s ..Î == . 

 

 
Fig. 4.2-1: Single-phase equivalent circuit of the generator and the transmission line, switch S 

is closed at t = 0.  

 

2) Voltage at capacitance C:  

XX

UX
IXU

−


==

C

pRC
LC . 

V01733220128182005261LC ....IXU === . 

2068601733pR == ./.U/U  
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0005130003017333 N ./.U/U ==  

67763230 ./ü ==  

0005.1230000/30.173367.76/3 gridN, ==UüU  

kV87.1320.173367.76 === üUU  

Although the synchronous machine is running unexcited, a voltage higher than the 

rated voltage occurs at the open secondary terminals of the power transmission line. 

The machine has excited „itself“ via the iron remanence of the rotor and the capacitive 

loading. The voltage amplitude at the open terminals of the transmission line is, with 

respect to the generator voltage level, V82450017332 ..Û == . 

 

3) Before switching the power transmission line the current is and the voltage u at the 

capacitance is zero. Linear integro-differential equation with constant coefficients for 

0t : 

0sinˆ1
pR

0

s
s =++  tUdti

Cdt

di
L

t

  

Differentiating once yields the linear differential equation of second order with 

constant coefficients for 0t : 

t
L

U

LC

i

dt

id



cos

ˆ
pRs

2
s

2

−=+  

As the magnetic energy 22
s /Li  cannot change abruptly, the current must have shortly 

after switching the same value as before switching, so it has to be zero. As the electric 

energy 22 /Cu  also cannot change abruptly, the voltage u must have shortly after 

switching the same value as before switching, so it has to be zero. Hence the initial 

conditions result: 0)0(0)0(s == u,i   

Homogeneous differential equation: 0
hs,

2

hs,
2

=+
LC

i

dt

id
 

Approach to solution: tCtCi e2e1h cossin  += .  

ih inserted into the homogeneous differential equation, yields the eigen-frequency of 

the oscillating system: LC/1e = . 

Particular differential equation: 

 t
L

Û
i

dt

id



 cos

pR
ps,

2
e2

ps,
2

−=+  

Approach to solution: tBi cosps, = . 

is,p, inserted into the particular differential equation yields: 

t
L

Û
tBtB 


 coscoscos

pR2
e

2 −=+−  

)( 22
e

pR
2





−
−=

L

Û
B  

The solution for the current is the sum of the homogeneous and the particular solution. 

tBtCtCiiti  coscossin)( e2e1ps,hs,s ++=+=  

The voltage at the capacity is: 
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dt/diLtutu spR )()( +=  

 tBtCtCLtUtu  sinsincossinˆ)( e2ee1epR −−+=  

Matching the initial conditions: 

BCBCCi −==++= 221s 00cos0cos0sin)0(  

  000sin0sin0cos0sin)0( 12e1epR ==−−+= CBCCLÛu   

Analytical solution for the time functions of the phase current and the voltage at the 

capacity: 

( )tt
L

U
ti e22

e

pR
2

s coscos
)(

ˆ
)( 




−

−
−=  

( )tt
U

tu ee
2
e22

e

pR
sinsin

ˆ
)( 


+−

−
−=  

As the damping was neglected, the transient inrush current, which oscillates with the 

eigen-frequency f = e/2π, does not decay. Therefore the solution is a superposition of 

two signals with almost the same angular frequency (with  = 314.16/s and 

e = 322.3/s).  

 

mH60442)502(81820/ ./.XL ===  , 

mF6963
8182005261502

1

05261

11

C

.
..X.X

C =


=


==


 

/s3322106963604421/1 6
e .../LC === − , Hz351)2/(3322)2/(ee ..f ===    

 

For real existing damping, the homogeneous part of the solution, which oscillates with 

e, decays with a certain time constant. The particular solution remains as the steady 

state solution with the current amplitude 

 

A72845
)1()( C

pR

22
e

pR

22
e

pR
2

s .
XX

Û

/X

Û

L

Û
Î =

−
=

−
=

−
=




, 

 

which was already determined in 1) by the complex AC-current calculation.  

 

The steady state voltage amplitude  

V82450
C

pRC

22
e

pR
2
e

.
XX

ÛXÛ
Û =

−


=

−


−=




 

has already been calculated in 2). 

 

Due to the superposition of two undamped signals with the same amplitude, current 

amplitudes of double steady state values occur ( A45691728452 .. = ), like shown in 

Fig. 4.2-2. Similarly the maximum value of the voltage is (Fig. 4.2-2)  

V4850
)(

22
e

e
2
epR

max =
−

+
=



Û
u . 
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4) For the numerical integration, the second order differential equation is written as two 

first order differential equations: 

)(
1)(

s ti
Cdt

tdu
−= ,  u(0) = 0 

 

t
L

U
tu

Ldt

tdi
sin

ˆ
)(

1)( pRs −= ,  i(0) = 0 

The following values are used: 

s502 /=  , V122.5V6862pR == .Û , mH60442.L = , mF6963.C =  

The calculation is performed for 0.4 s. An integration step size 1/10000 of this 

duration is used: 

ms04010000ms400 ./t == .  

The numerical solution for the phase current and voltage at the secondary terminals of 

the power transmission line (with respect to the generator voltage level) are compared 

with the analytical solution in Fig. 4.2-2, they are coincident, because the numerical 

deviations from the analytical values are smaller than the line width, used for the 

graphical representation.  

 

 

 

 
 

Fig. 4.2-2: Self-excitation of a synchronous machine: Analytical and coincident numerical 

undamped solution for the phase current is(t) and the voltage u(t) at the secondary terminals of 

the power transmission (with respect to the generator voltage level) line after connecting the 

power transmission line at the time  t = 0 to the remanent generator voltage 

upR(t) = 122.5 V∙sin(t)  ( = 314.16/s). 
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Braking during the run-out of a rotating machine 

 

The mechanically braked run-out of a rotating machine with the inertia J is to be calculated, 

starting with on the mechanic angular speed m0. The braking mechanic torque Ms has the 

following three different dependencies on the mechanic angular speed m: 

 

a) s0ms )( MM =     

b) )()( m0ms0ms  /MM =  

c) 2
m0ms0ms )()(  /MM =  

 

1)  Calculate analytically the mechanic angular speed m(t) as a function of time, starting 

 with the value m0, for the three braking torques a), b), c). Which one of the three 

 braking torques gives the strongest braking? 

 

2)  Calculate numerically the mechanic angular speed m(t) as a function of time for the 

 time range s1000  t  for the following data: /(Nm)kgm06370 2
s0 .M/J = , 

 n(t = 0) = 1500/min. Compare the numerical solution with the analytical one obtained 

 from 1)! 
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1)  Newton’s equation of motion: 

))(( ms
m tΩM
dt

)t(dΩ
J −= , initial condition: m0m )0(  =  

 

a) s0
m )(

M
dt

tdΩ
J −= , Ct

J

M
dt

J

M
tΩ

t

+−=







−= 

s0

0

s0
m )(  , 

m0m )0(  == C , m0
s0

m )(  +−= t
J

M
t  

s0m0m0
s0

m 0)( M/JTT
J

M
T =+−==   

The mechanical angular speed decreases linearly with the time and is zero at the time 

s0m0 M/JT =  . 

 

b) ))/((
)(

m0ms0
m ΩtΩM
dt

tdΩ
J −= ,  0)(

)(
m

m0

s0m =


+ tΩ
ΩJ

M

dt

tdΩ
 

This is a linear differential equation of first order with constant coefficients. Solution 

by Laplace-transformation: 

0m
m0

s0
m0m =


+− 






J

M
s , m0

m0

s0
m )( 


 =


+

J

M
s


, 

m0

s0

m0
m







+

=

J

M
s


, Tt

t
J

M

eet /
m0m0m

m0

s0

)( −



−

==  
 

The mechanic angular speed decreases exponentially with the time and has decayed to 

the value  e/T m0m )(  =  after the time constant s0m0 M/JT =  . The zero value 

is reached after infinite long time. 

 

c) 

2

m0

m
s0

m )()(










−=

Ω

tΩ
M

dt

tdΩ
J ,  0)(

)( 2
m2

m0

s0m =+ tΩ
JΩ

M

dt

tdΩ
 

This is a non-linear differential equation of first order with constant coefficients. The 

solution is possible by separation of variables m and t: 

dt
JΩ

M

Ω

dΩ
−=

2
m0

s0
2
m

m ,  −= dt
JΩ

M

Ω

dΩ
2
m0

s0
2
m

m ,  Kt
J

M
+−=−

2
m0

s0

m

1


 

Determination of the integration constant K via the initial conditions: 

m0
2
m0

s0

m0

1
0

1


−=+−=− KK

J

M
 

11
1

1
)( m0

m0

s0

m0

m0
2
m0

s0
m

+

=

+

=

+

=

T

t
t

J

M
t

J

M
t









  

The mechanical angular speed decreases inverse proportionally with time and has 

decayed to the value 2m0m /)T(  =  after the time s0m0 M/JT =  . The zero 

value is reached after infinite long time. 

The braking torque a) brakes the most, the braking torque c) brakes the least. 
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2) For the numerical integration the first order differential equations for the three cases 

a), b), c) are written as: 

 

a) 
J

M

dt

tdΩ s0m )(
−= , m0m )0(  =  

b) )(
)(

m
m0

s0m tΩ
ΩJ

M

dt

tdΩ



−= , m0m )0(  =  

c) )(
)( 2

m2
m0

s0m tΩ
ΩJ

M

dt

tdΩ



−= , m0m )0(  =  

 

The following values are used:  

/(Nm)kgm06370 2
s0 .M/J = , s/08.15760/15002)0(2)0( m0m ==== πnπ  

The calculation is done for 100 s. An integration step size 1/1000 of this duration is 

used: s1.01000/s100 ==t .  

The numerical solution is compared with the analytical solution in Fig. 4.3-1 and is 

coincident, because the numerical deviations from the analytical values are smaller 

than the line width, used for the graphical representation.  

The characteristic time is s100637008157
s0

m0 === ..
M

J
T  . 

 
 
Fig. 4.3-1: Mechanic angular speed as a function of time for mechanical braking of a rotating machine 

from t = 0 on. Analytical and coincident numerical solution for a) constant braking torque, b) linear with 

speed decaying braking torque, c) quadratic with speed decaying braking torque. At the characteristic 

time T = 10 s the speed has decayed for a) to zero, for b) to 1/e = 0.37, and for c) to 0.5 of the initial 

value. 
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Asynchronous no-load start-up of an induction machine 

The electromagnetic torque of a two-pole induction machine (PN = 500 kW, UN = 690 V Y, 

fN = 50 Hz, nN = 2982/min) with the inertia 2mkg9.5 =J  is described with dependence on 

the slip s by Kloss function (see EMA and EMD lecture notes, Chap. 5) 

 

s

s

s

sM

sM

b

b

b

e 2)(

+

=

  

, 

 

where Nb 5.7 ss =  is the corresponding breakdown slip. 

 

1)  What simplifications are valid for the use of Kloss’ function? Calculate the breakdown 

 slip, the breakdown torque and the startup torque! 

 

2)  Calculate analytically the mechanical angular speed m(t) as a function of time, when 

 the machine is uncoupled  (unloaded) and starts-up from zero speed (flywheel mass 

 start-up)! 

 

3)  Calculate numerically the mechanical angular speed m(t) as a function of time for the 

 time range s0.20  t ! Compare the numerical solution with the analytical one, 

 obtained from 2)! 
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1)  Simplifications for the use of Kloss’ function: 

- Negligence of stator resistance 

- Constant rotor resistance = no influence of slip-dependent current displacement 

- Constant reactances = no influence of variable saturation of main- and stray 

flux, as well as no influence of slip-dependent current displacement on stray flux. 

 

Synchronous speed: 3000/mins50150syn ==== //p/fn  

Synchronous mechanical angular speed: 
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2) Flywheel mass start-up: Braking load torque at the shaft Ms = 0. 

s

s

s

s

M
M

dt

tdΩ
J

b

b

b
e
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dt
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This is a non-linear differential equation of first order with constant coefficients. The 

solution is accomplished by separation of variables s and t: 

dtds
s

s

s
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Determination of the integration constants K via the initial conditions: 
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The analytical solution is a function )( mt  instead of )(m t .  

 

3) For the numerical integration the first order differential equation is written as: 

( )2
b

2
synm

synmbb

2
b

2
bbm

)/1(

)/1(2

)(

2)(

sJ

sM

ssJ

ssM

dt

td

+−

−
=

+
=




, 0)0(m =  

The under 1) determined values are used. The calculation is performed for 2.0 s. An 

integration step size ms6.1=t  is used. The numerical solution is compared with the 

analytical solution in Fig. 4.4-1. It is coincident, because the numerical deviations 

from the analytical values are smaller than the line width, used in the graphical 

representation.  

 

 
 

Fig. 4.4-1: Normalized analytically and numerically calculated mechanical angular speed as a function 

of time for a flywheel mass start-up of a two-pole 500 kW-induction motor on the 50 Hz-grid, when the 

Kloss’ formula is used for the M(n)-curve (breakdown torque Mb = 6111.08 Nm, breakdown slip sb = 

0.045, synchronous angular speed syn = 314.16/s) 
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D.C. machine as controlled drive 

 

A separately excited, compensated four-pole d.c. machine is speed-controlled operated 

with a 4-quadrant-converter. 

 

Machine data: frame size of 132 mm, externally ventilated, 13.8 kW, 220V, 74.5 A, rated 

speed 1500/min, maximum speed 5000/min. Motor moment of inertia: 0.22 kgm2. 

Inductances: armature: 3.3 mH, excitation: 21.0 H. 

Resistances: armature: 0.35 Ohm, excitation: 82.1 Ohm.  

At 1500/min with an excitation current of 1.8 A, a no-load voltage of 194 V is measured. The 

calculated reactance voltage ur amounts to 1.6 V at 1500/min and rated current. 

 

Calculate: 

 

1)  the motor efficiency (inclusive excitation losses), the rated torque and the no-load 

 speed n0. The voltage drop at the brush contacts for the n0 calculation can be 

 neglected.  

 

 

2)  the electrical and mechanical time constants Tf, Ta, TJ0, Tm, if the drive is coupled with 

 a 0.30 kgm2 load moment of inertia. Is the drive oscillating in uncontrolled operation             

 a) de-coupled b) coupled with load? 

 

3)  Indicate the structural diagram of the coupled machine for the design of a controller at 

 rated operation. 

 

4)  Draw the operating characteristics of armature voltage, armature current, main flux 

 and power output in the entire speed range for converter supply, if a maximum 

 reactance voltage of 3.5 V is admitted. 
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1) 
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 The drive is in both uncoupled and coupled state not oscillating. 
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3)  

 

 
 

 Fig. 5.1-1: Structural diagram of the coupled DC machine for the design of a controller at rated 

 operation 
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 Fig. 5.1-2: Operating characteristics of armature voltage, armature current, main flux and power output  
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Oscillation behaviour of an uncontrolled d.c. drive 

 

A separately excited, four-pole d.c. machine is speed-controlled operated with a                 

4-quadrant-converter as high-speed dynamomenter machine for a test-rig. 

 

Machine data: externally ventilated, 35.5 kW, 290V, 145 A, rated speed 3000/min, maximum 

speed 9000/min. Machine moment of inertia: 0.31 kgm2, inductance of the armature winding: 

1.87 mH, ohmic resistance of the armature winding: 0.051 Ohm. 

 

1)  Sketch the circuit of the drive (B6C)A(B6C). 

 

2)  Calculate the armature efficiency (= motor efficiency without excitation losses), the 

 rated torque and the no-load speed n0. The voltage drop at the brush contacts for the n0 

 calculation can be neglected. 

 

3)  The machine is coupled with a load moment of inertia of 0.27 kgm2. Is the drive               

 a) uncoupled b) coupled in the uncontrolled case oscillating? If yes, determine the 

 natural frequency and damping of the oscillation. 

 

4)  At 6000/min (field weakening) the oscillating behaviour is to be examined again 

 similar to 3). 
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1)  

 
 
 Fig. 5.2-1: Circuit of the 4-quadrant drive (B6C)A(B6C)  

 

 Both B6C-bridges are operated only, if the other bridge is switched off! So no 

 circulating parasitic current will occur. Otherwise additional chokes would be 

 necessary. 

 

2) 

 

% 484
145290

35500

NN

N
a .

IU

P
=


==            Nm 113

60

3000
2

35500

2 N

N
N =



=


=


 n

P
M  

 
Vs 90                               N2mNN2iNaN .ΦkΦkUURI ===+−   

  051.0145  290V     1-s 16.314
60

3000
2 =  

 

 /min307760
2

2.322
        s 2.322

9.0

290
0

1-

N2

N
m0 =====


 n

Φk

U
 

 

3) 
 

2
m kgm 580270310

L
...JJ =+=+  

 

ms 6.673
0510

10871 3

a

a
a =


==

−

.

.

R

L
T , ms 7146673644 a ..T ==  

 

( )






















=


=


=


=

a2

a2

2
N2

a
m

4  ms 536
90

0510580
  b)

4  ms 519
90

0510310
  a)

T.
.

..

T.
.

..

Φk

RJ
T  At 3000 /min and full excitation, 

 the drive tends to oscillate. 

 
4

11
2

m

a

a
dd −==

T

T

T
f ,       damping:  

a2

1

T
=  

 a) uncoupled: 
1-

33

d s 64.13
67.362

10
               ,Hz .545

4

1

5.19

67.36

67.36

10

2

1
=


==−= 


f  

 

 b) coupled: 
1-

33

d s 64.13
67.362

10
               ,Hz .773

4

1

5.36

67.36

67.36

10

2

1
=


==−= 


f  



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 5.2   5.2/3 
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 In uncoupled operation, the drive tends to oscillate:  
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 In coupled operation, no (or an extremely slow) oscillations occur.  

 

 The damping  of the vibration is not be influenced by the operating condition ( ΦJ , ). 
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Small DC-motor with permanent magnet excitation and chopper controller 

 

An experimental cross-country vehicle used on Mars mission for surface survey should be 

equipped with DC-motors excited by permanent magnets. The motors serve as wheel drives 

similar to those in three-axis Mars-vehicle Sojourner. In a pilot survey, a DC-motor will be 

used with variable armature voltage generated by a MOSFET-chopper from a 48 V battery. 

Pulse frequency of the MOSFET-chopper equals 16 kHz. Operation with variable speed will 

be investigated. 

 
Fig. 5.3-1: 1-quadrant operation of DC-chopper: a) Basic circuit scheme, b) armature voltage pulse pattern 

 

Motor specification:  

 

UN = 48 V, IN = 2.1 A, no-load speed n0 = 1020/min, Ra = 5.44  , La = 2.34 mH (Voltage 

drop across brushes is neglected). 

 

1)  What is electrical time constant of the armature in ms and how much is it in relation to 

 period T of one chopper switching cycle of  the battery voltage ?  

 

2)  What is the value of rated speed and efficiency of the motor (if considering only ohmic 

 losses)?  

 

3)  How long is duration Ton of voltage pulse to operate at half of no-load speed? In this 

 case, what is the speed at rated torque? 

 

4)  Due to the switching modulation as depicted in Fig. 5.3-1 b), the armature current 

 )()( aaa tiIti +=  comprises an average value aa iI =  and a small ripple of ia(t). 

 Calculate this ripple with following approximation for the operating point according to 

 3)! 
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 Fig. 5.3-2: 1-quadrant operation of DC-chopper: Armature voltage and armature current 
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Starting DC Motor Directly from DC Grid 

 

A permanent-magnet excited small DC motor shall be started at a DC voltage U = UN by 

closing the switch S at t = 0 (Fig. 5.4-1)! The total rotor inertia is J. 

 

 
 

Fig. 5.4-1: Equivalent circuit of the PM excited DC machine 

 

1) Give the formula for ui!           

2) What are the initial conditions for angular speed m(t) and armature current ia(t)? 

3) What basic mathematical property has the stator flux per pole with respect to time? 

4) Give the qualitative graph for the armature voltage ua(t) as a time function! 

5) Give the differential equations for calculating the armature current ia(t) and the angular 

speed m(t), if the load torque at the shaft is zero (ms = 0)!  

6) Transform the differential equations into Laplace domain and determine the current 

 )(tiLI aa =


!  2 

7) Calculate the formula ia(t) in the time domain during start up. Use for the calculation the 

fact that the DC motor’s time constants Ta=10 ms, Tm = 100 ms hold the relationship Tm > 4Ta!3 

8) Define the time constants T1 and T2 and calculate them!  

9) Calculate the function m(t)! Sketch qualitatively the functions ia(t) and m(t) between 

+− t . How do the current ia(t) and m(t) behave for +→t  and why? Give the 

peak current value!
  

1)   = )()( 2 tktu mi  

2)  0)0( =m , 0)0( =ai  

3)  .const= , because it is a permanent magnet excited flux 

4)   

    
 

Fig. 5.4-2:  Armature voltage step: t  0: Switch S is open; t > 0: Switch S is closed 

 
2 Use the DC motor’s time constants in the expression of aI


 

3 Give the poles of the transfer function of 6). Then, decompose the transfer function of 6) in a sum of 1st 

order partial functions and transform them in the time domain! 
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)()( tUtu Na =  )(t : Heaviside´s step function 
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T
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T
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aa
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−

=

−

−
=→  

For infinte time the armature current decreases to zero, because the speed rises to no- load 

speed  )/()( 2 kUtm =→ , so ui = U and ia = 0. 

 

Fig. 5.4-3:  Armature voltage step: t  0: Switch S is open; t > 0: Switch S is closed, and armature current and 

speed during start-up 

 

Peak current: at time t*: 
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Separately excited DC motor, operated at the six-pulse converter bridge B6C 

 

A separetly excited DC machine is operated at the B6C thyristor bridge, which is fed from the 

public grid 400 V, f = 50 Hz. The machine data are UN = 460 V, IN = 320 A, rated speed 

nN = 625/min, Ra = 0.05  , La = 1.5 mH. The small voltage drop of 2 V across the brushes 

may be neglected due to 2 V / 460 V = 0.4% <<1. The time function of the field current may 

be assumed to be constant due to the big inductance of the field winding. Hence the main flux 

per pole N is constant with the data k2N = 6.7838 Vs. Calculate for rated motor operation 

with controlled armature voltage  

 

1) the necessary control angle  for rated armature voltage, 

2) the time function of the armature current for 1/6 of the grid period )6/(16/ fT = . Due to 

the large inertia of the rotor we assume that the motor speed is ideally constant (n = const.).    

 

1)  

The grid frequency is f = /(2). The grid line-to-line voltage UUV is leading the 

corresponding grid phase voltage UU by 30°: )6/cos(ˆ)( LLUV  −= tUtu . The control 

angle  leads to conducting thyristors of one bridge branch during the interval  

3/ + t  of 1/6 of grid period. During that time interval the bridge output voltage 

)6/cos(ˆ)( LLUV  −= tUtu  feeds the armature of the DC machine. By shifting the time 

origin tt  =−  we consider the voltage )6/cos(ˆ)( LLUV  +−= tUtu  during the time 

interval  3/0   t . The average armature voltage is:  
3/

0
LL

3/

0

LLd )6/sin(ˆ3
)()6/cos(ˆ3









+−=+−=  tUtdtUU , 




coscosˆ3
0dLLd UUU == . 

At rated operation the armature voltage is NN2NaiNaNd 2 nkIRUIRUU +=+== , 

hence satisfying Nd V460V)60/62527838.632005.0( UU ==+=  . For this voltage we 

need a control angle according to 


cos
3

2 LLN = UU . 




cos
3

V4002V460 = , 

8516.0
)/3(4002

460
cos =


=


 , == 62.31rad5519.0 . 

 

2) 

The armature voltage is )6/cos(ˆ)( LLUV  +−= tUtu  during the time interval  

3/0   t . Hence the armature voltage equation is 

iaaaaLL /)()()6/cos(ˆ UdttdiLtiRtU ++=+−   , 

which is a first order linear differential equation with constant coefficients 

a

i

a

LL
a

a

aa )6/cos(
ˆ

L

U
t

L

U
i

L

R

dt

di
−+−=+   . 
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The initial condition must fulfill the periodicity of armature current during 1/6 of grid period 

))3/(()0( aa ii = . We assume, that the machine is loaded with rated armature current, so 

that this current is always non-zero: 0))3/(()0( aa = ii .  

 

a) Solution of the homogenenous differential equation 0ha,
a

aha,
=+ i

L

R

dt

di
 with teDi = 

ha, , 

yielding aaa /1/ TLR −=−=  with the armature time constant ms 30s 
05.0

105.1 3

a

a
a =


==

−

R

L
T . 

 

b) Solution of the particular differential equation 

a

i

a

LL
pa,

a

apa,
)

6
sin()sin()

6
cos()cos(

ˆ

L

U
tt

L

U
i

L

R

dt

di
−








−−−=+





  

with CtBtAi ++=  cossinp , yielding 

( ) ( )

. )
6

sin()sin()
6

cos()cos(
ˆ

cossinsincos

a

i

a

LL

a

a

L

U
tt

L

U

CtBtA
L

R
tBtA

−







−−−=

=+++−









 

The unknown coefficients A, B are determined by comparing the above noted expressions 

for tsin , tcos  and the constant, yielding  

a

i

R

U
C −=  and 

tsin : )
6

sin(
ˆ

a

LL

a

a 
 −−=−

L

U
BA

L

R
 , tcos : )

6
cos(

ˆ

a

LL

a

a 
 −=+

L

U
AB

L

R
. 

The linear equation system for A, B is solved with Cramer’s rule.  









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−
=


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
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
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The final solution for the armature current is the sum of homogeneous and particular solution: 

CtBtAeDiii
Tt

+++=+=
−  cossina/

pa,ha,a  . 

The unknown constant D is determined via the initial condition: 

CBDCBAeDi
T

++=+++= 0cos0sin)0( a/0
a   , 

CBAeDi
T

+++=
−

)3/cos()3/sin())3/((
)3/(

a
a  

  . 
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With ))3/(()0( aa ii =  we get:  
)3/( a1

)1)3/(cos()3/sin(
T

e

BA
D




−

−

−+
=  . 

Inserting A and B in D and using the trigonometric relationships 

)
6

sin(cos2)
6

sin()
3
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6

sin()
3

sin()
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
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6
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3
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6
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










 =−+−−−  we end up with 

)3/(
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2
a

2
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T
e

RL

LR

U
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 −
−

−


+
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Hence the analytically determined solution for the armature current is: 

. )
6

cos(
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6

sin(
1
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)(
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)(
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i
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a)3/(
aa
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e
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 

 

A transient DC component occurs due to the homogenoeus part of the solution, which decays 

with the armature time constant Ta. With the induced voltage at rated operation 

V44460/62527838.62 NN2i ===  nkU  

and the values from 1) the time function of the armature current is given in Fig. 5.5-1 for 1/3 

of the grid period. Averaging this function we get very close to the rated value 320 A of 1).   

  

 
 

Fig. 5.5-1:  Calculated armature current ia of a separately excited DC motor, fed by a B6C-converter at rated 

speed nN = 625/min, operating at rated average armature current 320 A and rated average armature voltage 

460V. The control angle of the thyristors is  = 31.62°. 

 

Note that the limit, where the armature current gets zero during 1/6 of grid period, is given by 

the condition 

00cos0sin)0( a/0
a =++=+++= CBDCBAeDi

T
 , 

0)
6

cos()
6
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1
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
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
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
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
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

 
  . 
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It depends on , on the induced voltage Ui, the grid voltage and frequency and on the machine 

parameters aa , RL . Starting with rated current at constant rated speed and hence constant Ui, a 

reduction of the average armature current Ia according to  




cos
3

2 LLiaad =+= UUIRU  

yields a lower average armature voltage dU , so that  has to be increased, until at a certain 

angle the condition 0)0(a =i  occurs, which is the limit for non-zero current operation. The 

corresponding current value for this limit is   

a
LLad0aLück

3
2/~

L
ULUI


=  . 
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Short-circuit braking of a DC generator 

 

A separately excited DC generator G is driven by an Ossberger water turbine T in a small 

hydro power plant at nN and supplies a local DC grid in a rural district. 

DC Generator data: V460aN =U , min/645N =n , A320aN =I , 2
TG mkg8 =+J ,   

                                Ω14.0a =R , mH5a =L , efficiency without exciter power: %86N = . 

 

 
Fig. 5.6-1: Electrical equivalent circuit of a separately excited DC generator, whose armature winding is short-

circuited at the brushes via the switch S. 

 

1)  When the generator is accidently switched off the DC grid at rated electrical power, 

the turbine accelerates the DC generator to the turbine no-load speed. Therefore an 

additional flywheel inertia JF has to be added to reduce the dn/dt. The closing of the 

turbine water main valve takes 5 s to put the turbine driving torque at the generator 

shaft to Ms = 0. Give the needed JF, so that a T = 5 s the speed is limited to 1.5nN! 

 

2)  Determine the diameter d and mass m of the flywheel JF as a steel disc with an axial 

length l = d/2 for JF! (Fe = 7850 kg/m3, )2/()2/( 4  = ldJ ) 

 

3)  For a fast speed down of the turbine-generator set the generator “short-circuit brake” is 

used. For that first the turbine water main valve is closed to put the driving torque Ms 

= 0 and the generator is switched off the grid: Ia = 0. Due to the small friction torque 

the speed n is (nearly) not changed n = nN. Then at t = 0 the DC generator armature 

winding is short-circuited via a short-circuit switch S (Fig. 5.6-1), while the separately 

excited main flux  is still active. It induces the armature winding, so that the short-

circuit armature current ia flows. It generates with   the electrical braking torque Me < 

0, which decelerates the turbine-generator unit fast to zero speed. Give the dynamic 

equations for ia(t), m(t) and the initial conditions ia(0), m(0)! Tends the generator-

turbine set to oscillate under dynamical load changes?  

 

4)  Determine ia(t) with the method of homogeneous and particular solution generally 

with the conditions of 3). What is its stationary value ia(t → )? 

 

5)  Determine m(t) from 4) as a general formula! Check, if the “short-circuit brake” puts 

the generator-turbine set to stand-still! 

 

6)  Determine the time constants! Give the peak armature current ia,max with respect to 

rated current IaN! Give ia(t), m(t) in correct scaling for three long time constants! 
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1)  Generator switched off the grid, so braking electromagnetic generator torque Me = 0. 

 sNesNm / MMMdtdJ =−=  , TGF ++= JJJ , 

 s/375.560/6455.0)15.1( N ==−= nn , sNTGF /2)( MTnJJ =+ +  , 

 )2/()2/( NNaNaNNNNG,eNsN nIUnPMM ===  ,

Nm2534)60/645286.0/()320460(sN == M , 

 2
TG

sN
F mkg3678

375.52

52534

2
=−




=−




= +


J

n

TM
J , 

 2
TGF mkg3758367 =+=+= +JJJ  
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2 55
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
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3) )(
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dt

tdi
LtiRtu

dt

tdi
LtiRtu  ++=++== , 
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k

RJ
T , ms8.1424 am = TT . No oscillations will 

occur, but two time constants T1, T2! 

 

4) Derivative of electrical equation: 0
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Exercise 5.6   5.6/3 
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The stationary speed value is zero, so the turbine-generator has been put to stand-still!  
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Braking time is ca. five long time constants s5.45 1 T , so very short. This needs a 

huge current peak ia,max for a big braking torque.  
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Current peak at t* with aNtha,maxa, -10.23A5.3273836.0 IIi =−=−= . The current 

(Fig. 5.6-2a) is negative with respect to the positive direction in Fig. 5.6-1, as it is a 

generating current. The kinetic energy is transformed into heat in Ra. Plot in Fig. 5.6-2 

for three long time constants ms2708ms63.90233 1 ==T .  
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a)  

b)  

 

Fig. 5.6-2: a) Armature current during braking. b) Speed of generator-turbine set during braking. 

 

Practical advice: 

aNmaxa, -10.23 Ii =  is too big. It stresses the generator both mechanically and 

thermally too much. Therefore the short-circuit is done with an additional series 

resistance Rv to limit current peak to aN2 I− : 

Ω7.05:4 aavaav ==+=→= RRRRRRR , 5/aa TT → , mm 5TT → .  

ms14.7ms/8.4691/ 21 =TT ,  ms45.46*=t , A3.723:V8.504 tha,i == IU ,  

( ) 9886.0//*)( 4962.60099.0
tha,maxa,tha,a −=−−== −− eeIiIti , 

aNmaxa, -2.23A08.7153.7239886.0 Ii =−=−= .  
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Result: A five times smaller current brakes the set with five times less torque. So the 

long time constant 1T  increases by 2.563.902/8.4691 =  to take for braking ca. 

min93.0s46.235 1 T , which is a realistic value and still much faster than braking 

only by friction, which would take several hours to transform the stored kinetic energy 

kWh238.0kJ4.8552/))60/645(2(3752/)2( 22
Nk ====  nJW  into friction 

heat. 
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Exercise 5.7   5.7/1 

 

Simplified treatment of short-circuit braking of a DC generator 

 

A separately excited DC generator G is driven by an Ossberger water turbine T in a small 

hydro power plant at nN and supplies a local DC grid in a rural district (Fig. 5.6-1). 

DC Generator data: V460aN =U , min/645N =n , A320aN =I , 2
TG mkg8 =+J ,   

                                Ω14.0a =R , mH5a =L , efficiency without exciter power: %86N = . 

An additional flywheel inertia 2
F mkg367 =J  is coupled the generator set to limit its 

speeding up, if the generator is accidently switched off the DC grid (Me = 0), and the still 

operating turbine is speeding via its turbine shaft torque Ms.   

For a fast speed down of the turbine-generator set the generator “short-circuit brake” is used. 

For that first the turbine water main valve is closed to put the driving torque Ms = 0, and the 

generator is switched off the grid: Ia = 0, Me = 0. Due to the small friction torque the speed n 

is (nearly) not changed n = nN. Then at t = 0 the DC generator armature winding is short-

circuited via a short-circuit switch S (Fig. 5.6-1), while the separately excited main flux  is 

still active. It induces the armature winding, so that the short-circuit armature current ia flows. 

It generates with   the electrical braking torque Me < 0, which decelerates the turbine-

generator unit fast to zero speed.  

 

1) Give the dynamic equations for ia(t), m(t) and the initial conditions ia(0), m(0)! 

Tends the generator-turbine set to oscillate under dynamical load changes?  

 

2) Neglect in the following La and determine m(t) and ia(t) with the method of 

homogeneous and particular solution generally with the conditions of 3). What is its 

stationary value ia(t → )?  

 

3)  Determine the time constant! Give the peak armature current ia,max with respect to rated 

current IaN! 

  

4) Give the sketch ia(t), m(t) in correct scaling for three time constants! Show that the 

“short-circuit brake” puts the generator-turbine set to stand-still in roughly three time 

constants! 

 

5) Which additional armature series resistance Rv is necessary in the short-circuit to limit 

the current peak ia,max to 2.5IaN? How much is the braking time increased by Rv? 

 

6) Give the kinetic energy Wk in the rotating generator-turbine set. Show that it is 

dissipated during braking completely as I2R-heat in the resistances Rv + Ra!    
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Exercise 5.7   5.7/2 
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occur, but two time constants T1, T2!  

 

2) Neglecting La: 
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3) Due to neglecting La, only one time constant occurs, which is the mechanical time 

constant of 1): ms8.939
474.7

14.0375

)( 22
2

a
m =


=




=

k

RJ
T . 

 Due to neglecting La the current may jump from 0 at t = 0- to ai / RU−  at t = 0+, 

which is the peak current: aNaia 27.11A7.360514.0/8.504/)0( IRUi −=−=−=−=+ , 

 aNaNmaxa, 27.1127.11 IIi =−= . 
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 Sketches of ia(t), m(t) for three time constants see Fig. 5.7-1. 
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Exercise 5.7   5.7/3 
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a)  
 

b)  
 

Fig. 5.7-1: La = 0: a) Armature current during braking. b) Speed of generator-turbine set during braking. 
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Exercise 6.1   6.1/1 

 

Space vector representation of an induction machine: 

 

An induction machine is supplied by a voltage-source inverter (with DC voltage link) and is 

operated with field – oriented control. The machine is running at nominal values, this means, 

that the inverter provides nominal voltage and nominal frequency, the machine is loaded with 

the rated torque. Due to the high motor frequency, the stator resistance is negligible. 

 

Motor data: 

 

p.u.3s =x ; p.u.95.2'

r =x ; Blondel’s leakage coefficient .08.0=   

rotor time constant: 100
'

r

'

r'

r ==
r

x
 ; 87.0cos N = ;  

nominal frequency 75 Hz, 6-pole machine  

 

1.)  Calculate and draw the space vector of the stator voltage, of the stator and rotor 

 current, of the stator and rotor flux for the nominal values in the synchronous 

 reference frame. 

 

 

2.)  Calculate the torque that is produced by the motor in p.u.. Draw the proper rectangle 

 area in the space vector diagram, which represents that torque! 

 

 

3.)  What are the values for the slip and the speed of the motor?     
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Exercise 6.1   6.1/2 

 

1)  In the synchronous reference frame the space vector is not moving in stationary 

 condition. 
 

 Nominal voltage: ..u up1s = (voltage space vector is assumed to lie on real axis of 

 reference frame). 
 

 Nominal frequency: 1s =   

 
ss

s
sss 




j

d

d
iru ++=  

 Stationary: 0s =




d

d
;  0ss = ir  is negligible because of the high frequency; 1s =  => 

 

 ssss  jju == ; p.u.ss juj −=−=  

 

'
ixix rhsss

+= ; p.u.8529523)0801()1( rsh ...xxx ' =−=−=   

 Rated operation: p.u.1s =i  with phase angle according to Ncos  

 
4930870sincos1 NNss

NN .j.jeeii
jj

−=−===
−− 

 

 

 
493.01cossin 2

NN =+−=    
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i
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ixju r
h

sss

1
=−−  

 
( ) p.u.168.0916.0

85.2

1
)493.087.0(31

'
r jjji +−=−−−=  

 p.u.909.0223.0

)168.0916.0(95.2)493.087.0(85.2'
'
rrshr

j
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=+−+−=+=

 

 
p.u.1s = ; p.u.930r .i

'
= ; p.u.9360

r
.= ; p.u.1ss == iu  

  

 
 

 Fig. 6.1-1: Induction machine: Left: Space vectors at steady state motor operation, Right: 

 Corresponding torque 
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Exercise 6.1              6.1/3 

 

2)   p.u.8701870)Im( sssse ..iim
*

==== ⊥   
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 Fig. 6.1-2: Induction machine: Equivalent circuit with neglected stator resistance 
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 Rotational speed: min/1456 =n  
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Exercise 6.2   6.2/1 

 

Current feeding of a locked rotor induction machine: 

 

A locked rotor induction machine is fed by a current controlled inverter. At time t = 0 the de-

energized machine is abruptly fed by a stator current space vector = 0
ss )( jeii  , p.u.1s=i  

 

Motor data: (p.u. values, phase values, star-connected stator winding) 

 

Stator resistance:  p.u.040s .r =  

Stator inductance: p.u.03s .x =  

Rotor inductance: p.u.03r .x' =  

Rotor open-circuit time constant: 60
'
r

'
r

r ==
r

x
  

Blondel’s leakage coefficient: 070.=  

 

1.)  Draw the circuit state of the inverter and the current path through the machine for the 

 given current space vector.  

 

2.)  Calculate the time characteristic of the rotor flux linkage space vector after the current 

 step and draw the time function of the current. Use the stator reference frame! 
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Exercise 6.2   6.2/2 

 

1.) 

               a)         b)       

 
Fig. 6.2-1: a) Space vector decomposition in phase current vectors, b) Current flow at inverter operation  
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 Transistors T1, T2‘, T3‘ conducting, T1‘, T2, T3 switched off:  

 

 is = id: DC-current:  
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2.)  Stator reference frame is used, because the rotor is locked (m = 0) 
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 The interest is on the rotor voltage equation to calculate of the rotor flux. 
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Fig. 6.2-2: Phase current (above) and rotor flux (below) at rotor stand still  

 

 

  Note: The nominal current is injected, therefore the machine is magnetised to 289 % 

 of the nominal flux. A real machine would be high saturated.  In this case it is 

 assumed, that the saturation is independent of the current. A current controlled 

 machine is normally at locked rotor only current fed to the nominal flux. This means, 

 current has to be reduced down to: p.u. 330
1

s
s .

x
i =  !  



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 6.3   6.3/1 
 

Squirrel-cage induction motor at voltage source inverter supply (no-load operation) 

 

A squirrel-cage induction motor with stator winding delta connected is operated from voltage 

source inverter with block mode (see picture). 
 

LLau

0τ

du

LLbu

LLcu

1 2 3 4 5 6

du

1 3 5

2 4 6

a b

c
U

V

W

 
 

Fig. 6.3-1: Left: Schematic sketch of the inverter and stator winding, right: Inverter output line-to-line voltage 

 

Motor rated data: 

PN = 110 kW, UN = 400 V, IN = 212 A, cosN = 0.85,  fN = 50 Hz, 2p = 4 

Stator inductance per phase: Ls = 29.13 mH, stator resistance can be neglected (Rs = 0). 

 

Inverter data: DC link voltage Ud = 565 V, output frequency 50 Hz 
 

1) Calculate per unit value (p.u.) the DC link voltage refdd   UUu =  (Uref: reference 

 voltage) and the stator inductance xs. Determine in p.u. the time interval 0 at 50 Hz 

 and 100 Hz output frequency! 

 

2) Calculate and draw the position of the stator voltage space vector us for the six time 

 intervals per period at 50 Hz and determine the absolute value of the complex vector.  

 Note: Calculate us only for the time interval 1, 2 and 3. Determine us for the time 

 interval 4, 5 and 6 from symmetry of the voltage waveform. 

 

3) Determine the equations of stator voltage us and flux linkage ψs in stator fixed co-

 ordinate system for the space vector representation. 

 

4) The motor is operated at no-load. Calculate the time function of stator phase current in 

 steady state condition for the time intervals 1, 2 and 3. For the determination of the 

 time interval 4, 5 and 6 use the symmetry of voltage waveform. 

 Note: The current cannot change as abruptly as the voltage does. 

 

5) Draw to scale (in p.u. and in SI-units) the time function of the phase voltage ua and the 

 phase current ia ! Determine the phase angle between the Fourier fundamental of 

 current and voltage time function. 
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Fig. 6.3-2: Stator voltage space vectors at the different inverter switching states  
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 Fig. 6.3-3: Stator phase current at inverter operation, calculated with simplifying assumptions  

 

 The currents start from zero and have a dc offset. The DC offset decays with time due 

 to losses in the resistances! 

 

 s
d1s2

1

3
)

3
(  Re

x
uiK =









==


  

 s
d2s3

1

3
2)

3
(  Re

x
uiK =









==


  

 

 Steady state condition: The currents are alternating quantities as the voltages, therefore 

 the CORRECTION of K1 is so, that )( a i  becomes alternating current = Average 

 value of a i  = 0. 
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 Fig. 6.3-4: Stator phase current and phase voltage at inverter operation. The current is calculated with 

 simplifying assumptions  

 

 

 Line-to-line voltage = phase voltage because of delta connection. 

 

 Because of the symmetry of )( a u  and )( a i  concerning the quarterly periods the 

 position of the fundamental-frequency is simply determinable. 

 

 

)1(a
u

)1(a
i

 
 

 Fig. 6.3-5:  Time signal and corresponding fundamental of (left) stator phase voltage, (right) stator 

 phase current at inverter operation, the latter calculated with simplifying assumptions  
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Stator space vector of an induction machine with removed rotor: 

The three-phase stator winding of an induction motor is tested during manufacturing with 

removed rotor for winding tests. The stator winding is connected in star to the three-phase 

voltage sinusoidal source U, V, W with connected star point to the neutral N, but the 

connection W is broken (Fig. 6.4-1). Hence an asymmetric feeding with a zero sequence 

system occurs. Due to the removed rotor the zero sequence phase impedance x0 is roughly the 

same value as the stator phase impedance xs with symmetric feeding (intact connection W). 

For that special case xs = x0 the two remaining phases U and V can be treated with 

independent voltage equations, as parts of the flux linkages cancel. The feeding phase 

voltages from the grid are:  

 )cos()( sUs,  = uu ,   







−= )

3

2
(cos)( sVs,


 uu . 

The stator resistance is neglected. Due to the removed rotor (air gap = half stator bore 

diameter) the impedance xs is rather small, containing only the stator stray flux and the small 

stator bore field: xs = 0.2 p.u. 

 

1)   Give the independent voltage equation per phase and calculate the phase currents iU 

 and iV in p.u. at rated frequency s = 1. Give the value u for phase current to be rated 

 current iU = 1. 

 

2)   Calculate the current in the neutral connection iN and the zero-sequence current i0. 

 

3) Calculate the current space vector is(). Use the formula sin x = (ejx - e-jx)/(2j). 

 

4)   Calculate the voltage space vector us()! 

 

5)   Check, if the phase voltage uU(), derived from the space vector, is identical with the 

 originally applied function )cos( sU  = u)(u ! Do not forget to consider the zero 

 sequence system! 

 

6)   Calculate the, by the stator bore field induced phase voltage uW() from us().   

 

7)   Draw to scale the trajectory of us() (e.g. 0.2 p.u. = 1 cm) for u = 1 p.u. 

 
     

 Fig. 6.4-1: Electric stator winding circuit with connected neutral and broken W connection 
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The amplitude of the neutral current is rated current iN = 0.2/0.2 = 1p.u. 
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The neutral current per phase is one third of the neutral current i0 = 0.33 p.u. 
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5) If a zero-sequence system occurs, its values must always be added to the phase 

voltages and currents, because the space vector theory does not include zero-sequence 

effects:   0sUs, )(Re)( uuu +=   
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The calculation delivers correctly the feeding voltage. 
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 The total induced voltage in phase W is zero. 

 

7) The voltage space vector is a superposition of two vector components, which rotate on 

circles with different radius and opposite rotation direction, yielding a resultant ellipse. 














+=














−= −

−


−
332

s
23

2

23

2 /j
j

j/j
j

j e
e

e
u

e
e

e
u

u 





  

a) Positive sequence component:  je
u

u =
3

2
)(s,1  

b) Negative sequence component: 3
s,2

3
)( /jj ee

u
u  −− =  

At  = 0 the angle between the two vector components is 60° (Fig. 6.4-2). At  = -/6 

 and  = 5/6 both vector components are aligned with identical direction and give the 

 resultant:  

( ) 666
s 50

3

2
)6( /j/j/j eue.e

u
/u  −−− =+=−   or 65

s )65( /jeu/u  = . This 

 defines the major half axes of the ellipse (length u), being inclined by 30° to the 

 abscissa. At  = 2/6 and  = 8/6 both vector components are aligned with opposite 

 direction and give the resultant:  

( ) 626462
s )3(50

3

2
)62( /j/j/j e/ue.e

u
/u  − =+=   or 

 68
s )3()68( /je/u/u  = , which defines the minor half axes of the ellipse with the 

 length u/3. They are positioned in a right angle to the major half axes. 
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 Fig. 6.4-2: The space vector trajectory of the voltage space vector at broken phase W and connected 

 neutral is an ellipse. 
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Stator current space vector of an asymmetrically fed AC machine: 

A three phase induction machine with star-connected winding is operated in the test field of 

the manufacturer with removed rotor to measure the stator losses only. Due to the removed 

rotor the impedance per phase is only xs = 0.2 p.u. The symmetrical feeding grid voltage 

system is given as (u = 0.2 p.u., s = 1 p.u.): 

)cos()( sR  = uu ,   







−= )

3

2
(cos)( sS


 uu ,    








−= )

3

4
(cos)( sT


 uu  

Due to a failure the phase connection W of the induction machine breaks (Fig. 6.5-1).  

 

1)   Calculate the feeding voltage between terminals U and V. 

 

2)   How big is the zero sequence current system? 

 

3)   Calculate the phase currents iU, iV and space vector is() in p.u. after the failure. 

 

4)   Calculate the phase voltages uU, uV and space vector us() in p.u. after the failure. 

 

5)   Draw a vector diagram of is() and of us() to scale (e.g. 0.1 p.u. = 1 cm).   

 

 
 
  Fig. 6.5-1: Electric circuit with broken W connection 
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1)  ( )=−−=−= )32cos(cosSRUV /uuuu   

( ) ( )

( ) )cos()2/3()2/3(sin)2/3(cos)2/3(

)3/2sin(sin)3/2cos(coscos)3/2cos(cos

22 



++=−=

=−−=−−=

uu

uu
 

6/)3/1arctan(3/1)2/3/()2/3(tan  ====  

)6cos(3)(UV /uu  +=  

The feeding voltage between U and V is the line-to-line voltage, which is by 3  

 bigger than the feeding phase voltage and by 30° leading to the phase voltage uR. 

 

2)  iW = 0, iU = - iV, 03/)(0 =++= WVU iiii  

 No zero-sequence system occurs!  

 
)1()32()()32( UVUs ai/iai/i −=+=   

 The current space vector does not rotate, but is pulsating with a fixed orientation. 

 
 d/diax/d/idxu Ussss )1()32( −==

 
 Also the voltage space vector does not rotate, but is pulsating with the same fixed 

 orientation as the current space vector. 

   

)(

)23()()32()1()(32(ReRe

Us

UsUssU





d/dix

/d/dix/ad/dix)/uu

=

==−==

 

   
  UUs

2
Us

32
Uss

2
V

)23()(32()1()()32(Re

)()()32(ReRe

u/d/dix)/ad/dix/

aad/dix/uau

−=−=−=

=−==




 

 The phase voltages uU, uV are not shifted by 120° like the feeding uR, uS, but are 

 opposite.  

 
 d/dixu/uuuu UsUUVVU 22)6cos(3 ==+==−  

 

)6sin(
2

3
)2(1)(

s
UVsU /

x

u
dux/i  +==  ,  )6sin(

2

3
)(

s
V /

x

u
i  +−=  

 

8660
202

203

2

3

s
VU .

.

.

x

u
îî =




=== , 

 )6sin(
3

1
)6sin(

3

)1(
)(

s
s /

a
/

x

au
i  +

−
=+



−
=  

 Amplitude of current space vector: 1
3

1

ss
s ==

−
=

x

ua

x

u
i p.u. 

 
V

s
sUsU )6cos(

2

3
)6cos(

2

3
)( u/

u
/

x

u
xd/dixu −=+=+== 

 
 

3)  Amplitude of uU and uV: 173.02.0866.0)2/3( ==u  

 

)6cos()1(
3

)6sin(
2

3
)1()32()(

s
ss /a

u
/

x

u

d

d
ax/u 


 +−=














+−=  
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 Amplitude of voltage space vector: 20
3

1
s .u

a
uu ==

−
= p.u. 

4) p.u. 8660UV .ii −=−= ( )
2

3

2

1
                  )()()(

3

2
)( W

2
VUs +−=++= ja;iaiaii   
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1
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












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+−−+


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 The voltage and current space vector orientation is inclined at an angle of -30° to the 

 abscissa. 

 

a)  

b)  

 
  Fig. 6.5-2: a) Current space vector (amplitude: 1 p.u.), b) Voltage space vector (Amplitude: 0.2) 

Re

Im

1 p.u. = 20 mm

is( = /2) 

is( = - /2) is( = 8/6) 

is( = /3) 

 

Re

Im

1 p.u. = 20 mm

is( = /2) 

is( = - /2) us( = 5/6) 

us( = -/6) 
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Zero sequence system of voltage source inverter-output voltage 
 

 
 

Fig. 6.6-1: Voltage-source inverter with diode rectifier (GR), DC link with capacitor C and filter choke L, 

transistor converter (WR). A three-phase AC motor with star-connected stator winding is fed by the inverter line-

to-line voltage UL.   

 

1) Show, that a three-phase symmetrical voltage system has no zero-sequence phase and 

line-to-line system! 

 

2) Sketch to scale the line-to-line and the line-to-phase voltage time function UL(t) and 

US(t) per period T at a start-connected three-phase stator winding, when being fed by a 

voltage source inverter (Fig. 6.6-1) with the DC link voltage Ud at block commutation 

(six-step commutation). Assume an ideally constant DC link voltage Ud = const. (C is 

assumed to be infinitely big). 

 

3) Give the Fourier series of the three phase voltages! Comment the result!  

 

4) Determine the zero-sequence of the line and phase voltage US0(t), UL0(t) and of the 

terminal-to-ground potential L0(t) per period! Give the graphs! 
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1) Three-phase symmetrical voltage system (either phase or line voltage system):  

 tUtU cosˆ)(U = , ))3/2(cos(ˆ)(V  −= tUtU , ))3/4(cos(ˆ)(W  −= tUtU . 

 3/))()()(()( WVU0 tUtUtUtU ++= , abbreviation:  =t , 

 


2/32/12/32/1

WVU
3

4
sinsin

3

4
coscos

3

2
sinsin

3

2
coscos(cosˆ

−−−

++++=++











UUUU , 

 0)sin)
2

3

2

3
(cos)

2

1

2

1
1((ˆ

WVU =−+−−=++ UUUU . This is true for the phase 

and the line voltage system!  

 

2)  )()()( L2L1L2L1 tttU  −=− , )()()( L3L2L3L2 tttU  −=− , )()()( L1L3L1L3 tttU  −=− : 

 

 
Fig. 6.6-2: Six-step operation of voltage source inverter: El. terminal potential L and line-to-line 

inverter output voltage UL.   

  Each phase voltage can be given as a Fourier-Series: 


=

=
1

1 )cos(ˆ)(
l

lS tlUtU  . 

Tf /22  == . Due to the abscissa-symmetric line-to-line voltages also the phase 

voltages must be abscissa-symmetric, hence no even ordinal numbers l occur! The 

line-to-line voltages are shifted acc. to Fig. 6.6-2 by T/3 (resp. 2/3), so also the phase 

voltages are shifted by 2/3. For that case according to 1) we get, that each Fourier 

harmonic system adds up to zero: 0)()()( ,3,2,1 =++ tUtUtU lSlSlS , if ordinal numbers 

are not divisible by 3. 

 Ordinal numbers l* divisible by 3 would lead to identical (in-phase) voltages: 

 )*cos(ˆ)( **,1 tlUtU llS = , )())3/2*(*cos(ˆ)( *,1**,2 tUltlUtU lSllS =−=  ,  

 )())3/4*(*cos(ˆ)( *,1**,3 tUltlUtU lSllS =−=  . They would cause identical 

harmonic currents )()()( *,3*,2*,1 tItItI lSlSlS == , which cannot flow due to the start-

point Kirchhoff´s node law, 00)(3)()()( *,*,1*,3*,2*,1 ===++ lSlSlSlSlS ItItItItI . 

So no voltage harmonics with ordinal numbers l* divisible by 3 occur. 
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Result: 0)()()()()()(
,...7,5,1

,3,2,1321 =++=++ 


=l

lSlSlSSSS tUtUtUtUtUtU . 

 Calculation of phase voltages: (Fig. 6.6-3):  

 32322121 , LLSSLLSS UUUUUU −− =−=− , 0321 =++ SSS UUU : 

 
3

2 3221
1

LLLL
S

UU
U −− +

= , 
3

2 1332
2

LLLL
S

UU
U −− +

= , 
3

2 2113
3

LLLL
S

UU
U −− +

=  

 

 
Fig. 6.6-3: Six-step operation of voltage source inverter: Line-to-line and phase voltages at star-

connection of stator winding UL, US.   

 

3) Using abscissa- symmetry and using cos-series as even function: 

 ))cos()cos(2(
3

4
)cos()(

4ˆ
2/

6/

6/

0

2/

0

1,1  +==













dldl
U

dlUU d
SlS , 

 
6

cos
3

sin
3

8ˆ
,1





ll

l

U
U d

lS = , ,...7,5,3,1=l  

 For ,...3,2,1,3* == nnl : 0)2/cos(sin
33

8ˆ

0

*,1 == 


nn
n

U
U d

lS  , 

 so we get :,...2,1,0,...13,11,7,5,161 ==+= ggl  
2

sin
2ˆ

,1





l

l

U
U d

lS = . 

 


=



=

==
,..7,5,1,..7,5,1

1 )cos(ˆ)cos(
)2/sin(2

)(
l

l

l

d
S tlUtl

l

lU
tU 




, 

 


=

−=
,..7,5,1

2 ))3/2(cos(ˆ)(
l

lS ltlUtU  , 


=

−=
,..7,5,1

3 ))3/4(cos(ˆ)(
l

lS ltlUtU  , 

 

Comment: The Fourier series proves that no harmonics with ordinal numbers, 

divisible by 3, occur.   

  

4) Acc. To 2): 03/)()( 3210 =++= SSSS UUUtU , 

 06/3/))()()(()( L3L2L1L0 =++= dUtttt  , 0)()()( 000 =−= tttU LLL   

 03/))()()(()( L1L3L3L2L2L1L0 =++= −−− tUtUtUtU . 
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 See Fig. 6.6-4!  

 

0)()()(

3/))()((3/)(

3/))()((3/)(

3/))()((3/)(

000

L1L3L1L3

L3L2L3L2

L2L1L2L1

=−=

+








−=

−=

−=

−

−

−

tttU

tttU

tttU

tttU

LLL 







 

 The whole winding systems varies its electrical potential to ground with 3f. This 

causes via the winding insulation capacity Cwg from the slot copper to the grounded 

stator iron stack a capacitive ground current flow dtdCti /)( 0Lwgg = as a disturbing 

common-mode current. It flows via the PE grounding connector from the stator iron 

stack and metallic housing to the earth and back via the PE connector of the inverter 

housing to the ground connection of the DC link. 
 

 a)          b)   

 

 Fig. 6.6-4: Six-step operation of voltage source inverter: a) Terminal-to-ground el. potentials for the 

three phase terminals 1, 2, 3 and b) its zero-sequence system. 
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Voltage space vector at voltage-source inverter block-commutation 
 

 
Fig. 6.7-1: Block-commutation (Six-step operation) of a voltage source inverter: Line-to-line and phase 

voltages at star-connection of stator winding UL, US. The maximum voltage US1 is shifted with respect 

to the maximum of UL1 by T/12 lagging.  

 

1) Use the line-to-line inverter output voltage UL at block-commutation of Exercise 6.7 

(Fig. 6.7-1) to give the voltage space vector uL in per unit of the rated phase voltage! 

 

2) Use the phase inverter output voltage US at block-commutation of Exercise 6.7 (Fig. 

6.7-1) to give the voltage space vector uS in per unit of the rated phase voltage! 

 

3) Give the Fourier series of the three phase voltages! Comment the result!  

 

4) Determine the zero-sequence of the line and phase voltage US0(t), UL0(t) and of the 

terminal-to-ground potential L0(t) per period! Give the graphs! 

 

5) Give the graph of the phase voltage space vector uS(t) in p.u. per period! 
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1) Line-to-line output inverter voltage according to Fig. 6.7-1: 

A B C D E F 

6
0

T
t   

36

T
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T
  
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  
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

6

5
 

d1 UUL =  dU  0 dU−  dU−  0 

d2 UUL −=  0 dU  dU  0 dU−  

03 =LU  dU−  dU−  0 dU  dU  

 Phase voltage fundamental amplitude l = 1 according to Exercise 6.6: 
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lS UU
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
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)(   jj eejjtu ==+=+=  

 For each time interval A, B, C, D, E, F one voltage space vector exists with the p.u. 

value 81.1
3

==


Lu , which jumps due to the infinite fast voltage switching with the 

angle /3 in counter-clockwise direction (Fig. 6.7-2). The p.u.-value is roughly by 

)81.1(3   bigger than the phase voltage nominal peak value. 

 

a)   b)  

 

Fig. 6.7-2: Six-step operation of voltage source inverter: a) Line-to-line p.u. voltage space vector (length 

1.81 p.u.), b) Phase p.u. voltage space vector (length 1.047 p.u.) 

 

2) ))()()((
ˆ

1

3

2
)( 3

2
21

1,1

tUatUatU
U

tu SSS
lS

S ++=
=

, 

 Phase output inverter voltage according to Fig. 6.7-1: 
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3/d1 UUS =  3/2 dU  3/dU  3/dU−  3/2 dU−  3/dU−  

3/2 d2 UUS −=  3/dU−  3/dU  3/2 dU  3/dU  3/dU−  
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
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U

U
tu ddd

d

, 

  For each time interval A, B, C, D, E, F one phase voltage space vector exists with the 

p.u. value 047.1
3

==


Su , which jumps due to the infinite fast voltage switching with 

the angle /3 in counter-clockwise direction (Fig. 6.7-2). The phase voltage value is 

exactly by 3  smaller than the line voltage. It is lagging with /6 in space, as its time 

signal is lagging also with /6 resp. T/12 acc. to Fig. 6.7-1. 
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Turn-off of a 3-phase induction machine 

 

A 3-phase induction motor is running at no-load in steady state, connected to a 50 Hz grid. 

 

Motor data: xs = x´r = 2.6 p.u., xh = 2.5 p.u., p.u.52p.u.,62 hrss .x.xxx ====  rotor open-

circuit time constant 100rrr == r/x . The stator resistance is neglected. At time  = 0, the 

motor will be disconnected from the grid. Determine time characteristic of decaying stator 

voltage of phase U, which is induced by decaying rotor flux. You can solve this task by 

following calculation steps which are given below. Speed of the motor can be assumed 

constant during the electrical transient process.  

 

Note: We can see practical use of this example on switching major drives in power plant (e. g. 

coolant pumps) to an emergency power supply during a power failure. In case of successful 

switching (i. e. decaying voltage is still sufficient high), no dangerous high current will be 

occurring. Generally, high current could occur during a restart of a de-energized motor (6 

until 7 times of rated current!).  

 

1)  In rotating-field oriented reference frame, you should determine per-unit equation of 

 rotor flux linkage after the disconnection of the motor from the grid.  

 

2)  Solve this 1st order differential equation. Initial condition: Magnetic energy of main 

 flux can not change suddenly before the turn-off. 

 

3)  Using the rotor flux linkage, calculate space vector of stator voltage. 

 

4)  Calculate the phase voltage uU by transforming the space vector of the stator voltage 

 into stator-oriented reference frame, assuming that rotation angle 0 between stator-

 oriented and rotating-field oriented reference frame equals zero at time  = 0. Assume, 

 that at  = 0, terminal voltage gains its maximum value.  

 

5)  Draw time characteristic of decaying phase voltage uU. 
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Specifications: 
100

1
        p.u., 52       p.u., 62

r

r
hrs =




===

x

r
.x.xx  

1) Reference frame is oriented to rotating-field: ssyn  =   (per unit!) 

 

Equation of rotor:   ( )
rms

r
rr0 




−+


+= j

d

d
ír  

 

No load: 0         ,       ,0 mssm =−→== s  

 

After disconnection from the grid:   0s =i  

 

Rotor flux linkage:  rrrrshr
íxíxix =+=    after disconnection from the grid 

 

  Equation of the rotor flux linkage: 0      0 N = tt  : 

 0
r

r

rr =



+








x

r

d

d
     1st order differential equation 

 

 

2) Initial condition: 

 

Main flux linkage BEFORE the turn-off: 

 

Motor operation at no load:  ssrhsssrs       0´   ,0 ixíxixii =+==   

 Equation of stator voltage: :0  

 

  s0s
s0

s0s0s
s0

s0ss0                     j ix
j

u

d

d
iru ==++= 




 

 

  s0hrrs0hr
ixixix =





+=  

 

Directly AFTER the turn-off:  ( )
r0s0hr

0    0  ==== ix:  

          
s

h
s0r j

       
x

x
u =  

 

Solution of the differential equation: 

 

( ) ( ) :         ,e0
r

r
r

-

rr
r

r

x




===  



   rotor open-circuit time constant 

 

( ) r

-

s

h
s0r

e-




 =
x

x
uj  

0 
=0 

1 
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3) Equation of stator voltage: 1    , 0    , 0 ss ==  r  

 

rej
1
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r
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-
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


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4) 0                   )()( 00sss =+==   ,,ueu j
 

 

 

( ) ( ) jτjuju ee
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



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( ) =Uu Re ( ) =su Re ( ) ( )
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


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



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






+−
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 


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0s0s0 == uu : )0(Uu : maximum value 

( ) ( )  



cose1 r
s0U −=

−

uu  

 

 

5) 92.01
6.2

5.2
1     ,  6.282ˆ period 1   :

2

2

N =−−=====  πt  

 

At  = 0, amplitude of stator voltage jumps from 100 % down to 92 %, as stator 

current is zero, thus stator leakage flux is zero, too. 

=1 Rotating-field 

reference frame 

Stator field 

reference frame 
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 Fig. 7.1-1: Decaying stator phase voltage in phase U after separating the induction machine at no-load 

 operation from the grid 

 

Practical use of the result: 

By taking the time function via storage oscilloscope of the decaying stator voltage, 

 

- the leakage coefficient   and 

- the rotor open-circuit time constant r 

 

may be determined from experiment. 
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Sudden short circuit of an induction machine 

 

A 3-phase induction motor is running at no-load connected to a 60 Hz grid.  

 

Motor specification: UN = 460 V Y, 60 Hz, rated current 22 A, no-load current 9 A, Blondel’s 

leakage coefficient  = 0.07. Measurement of resistance between two stator terminals results 

in  0.4   (rotor open-circuit time constant 70/ rrr == rx ).  

 

Calculate 

 

1)  the rated impedance and per-unit value of the stator resistance.  

  

2)  the primary reactance Xs, its per-unit value xs and corresponding inductance Ls. 

 

3)  the space vector of stator and rotor flux linkage in rotating-field oriented reference 

 frame. Assume that xs  = x´r ! 

 

4)  A short-circuit occurs at the terminals suddenly. How big is the maximum value of the 

 sudden short circuit current in the worst case, when neglecting any damping of 

 current? The short circuit current decays to the steady state value. What is the value of 

 this steady state level? With which typical time constant does associated short-circuit 

 alternating torque decay and to which steady state value? How much time is needed 

 approximately to reach this steady state value? 
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1) 

 
 

Fig. 7.2-1: Star-connected stator winding 
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2) Reference frame is oriented to rotating-field:  1ssyn ==   

Space vector is fixed in steady-state operation 







= 0

d

d
 in rotating-field reference 

frame. 

Equation of stator voltage: ss
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4) Peak current of sudden short-circuit:  

Worst-case at short-circuit during zero crossing of voltage: s
sc N

s

2ˆ 1 2
u

I I
x 

 
=  −   

 
 

sc N N

1 2ˆ 1 2 16.0 351.6 A
2.44 0.07

I I I
 

=  −   =  = 
 

: This current decays to zero! 

 

Short-circuit time constant: sc

sσ rσ s r

1

1 1

sx

r r




 
= 

+ +
 for the torque. 

The sudden short-circuit torque decays with Tsc to the final value zero. 

The final value is attained after approximately 3 Tsc, due to .05.0
e

1
e

3
sc

sc3

==
−

T

T

 The 

torque of the short-circuit has already decayed to 5 % of the peak value after 26.3 ms 

N
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Starting of an induction machine: 

 

A wedge bar cage induction machine with the following nameplate data is given: 

 

Frame size 250 mm, 55 kW, 220V/380V, /Y, 178 A/103 A, 50 Hz, 1455/min, cos = 0.885, 

continuous duty, Thermal Class B, mounting IM B3  

 

From the catalogue additional details are given: starting current 4.4-times, starting torque 

1.55-times, break down torque 1.94-times, inertia 0.9 kgm2, machine mass 440 kg 

 

From the calculation sheet of the manufacturer there are the addition data available:  

Break down slip 13.3 %, at 75° according to Thermal Class B, stator resistance Rs = 0.06 , 

rotor resistance R’r =  0.0643 , stator reactance  Xs = 8.8 ,  

rotor reactance  X’r = 9.03 ,  leakage coefficient   = 0.067 . 

 

Calculate: 

 

1.)   the nominal torque, breakdown torque, starting torque in Nm, starting current at - and 

  Y- connection and the motor efficiency, 

 

2.)   the nominal impedance and the motor equivalent circuit parameters for rated slip in 

  per unit (p.u.). Calculate also in p.u.: the nominal torque, the nominal voltage (peak 

  value), the nominal current (peak value), the nominal frequency, the nominal apparent 

  power, the nominal power, 

 

3.)   the start-up time constant in seconds and in p.u. 

 

4.)   The motor is starting with no load. Is the static break down torque reached? If not, 

  please calculate the maximum occurring torque. In a second test the machine starts up 

  with no load at half of the nominal voltage. Is static break down torque reached? 
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1.)  Nm361
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3.) s328.0
6.431

2

502

9.0
ref

N

J =


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

M

p
JT ; 103328.0502JNJ ===  T  

 

 

4.)  Pfaff-Jordan parameter P: 
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Nm550700785.0dynb, ==M  The static break down torque is not reached (“fast” 

 start-up)! The maximum torque that occurs is the dynamic break-down torque dynb,M . 

 

        b.) 1Ns == ; 5.02/Ns == uu  => 72.1
2

1
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M
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 Due to the lower voltage the start up is slower, so the dynamic breakdown torque is 

 close to the static breakdown torque. 
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Sudden short-circuit of an hydro-electric synchronous salient pole generator 

 

The machine has following specifications: 

20 poles,  32.2 MVA,  11 kV,  cos = 0.9,  bore diameter = 3.8 m,  Xdh = 3.42 ,  

Xqh = 0.6.Xdh,  Xs = 0.52 ,  Xf = 0.484 ,  XD = 1.73 ,  XQ = 0.56 ,  Rs = 15.2 m,  

Rf = 0.002 ,  RD = 0.31 ,  RQ = 0.08    

The reactances and resistances are already converted to the stator side at 50 Hz and 75°C 

(Thermal Class B). 

 

Note: Above rotor values are already converted with the respective transformation ratio to the 

stator side. The "true", measurable value of the ohmic resistance of the field winding is for 

example Rf = 0.23 . For this reason the converted values of the field winding are smaller 

than those of the damper winding, because the transformation ratio ”stator- to- field” is very 

small (ü ~ Ns/Nf, Nf is large, since all 20 poles are connected in series: Ns = 96,  

Nf = 20 x 55 =1100). 

 

Calculate 

 

1) rated current, rated impedance and per-unit value of above resistances and 

 reactances. 

 

2) the reactances: direct-axis dX , quadrature-axis qX , transient d X  , direct-axis 

 subtransient dX   and quadrature-axis subtransient q X   in per-unit value. Is the 

 machine “subtransient symmetrical”? 

 

3) the time constants: open-circuit field fT , direct-axis open-circuit damper DT , 

 quadrature- axis open-circuit damper QT , armature time constant aT , transient dT   

 and subtransient  time constants dT  .  

 

4) The worst case of sudden short-circuit at the generator terminals shall be calculated! 

 Use  the formula indicated in the lecture notes for the calculation of the sudden 

 short-circuit  current in phase U in case, when the short circuit happens at zero 

 voltage. How much  smaller/bigger is the value compared to the simplified relation 
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d
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 The damper time constants are clearly shorter than the field time constant (factor: 

 100!). This only makes the definition of a transient reactance dx  meaningful. It 

 describes that condition, where the damper-currents are already decayed after e.g. a 

 “load step”, whereas the induced current in the field winding flows nearly unchanged. 
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4)  Sudden short-circuit current: short-circuit at the generator terminals : 

 
fold- 9.9A   167091691

229.0

22
8.0ˆ

sc ==


i   

 

 Sudden short-circuit at voltage zero: 00 = , maximum current occurs at  = tN  !  

 Sudden short-circuit after no-load with rate no-load voltage: 10 =u . 

 

 
  34981454225002539540                 

1
2560

1

2290

1

2

1
1

2560

1

2290

1

2

1
                     

1)(
250

1

2290

1

0481

1

250

1

0481

1
                  

0)cos(2
11

2

1
cos(0)

11

2

1
                     

0)cos(
11111

460

4665467

r

dd

qdqd
0

ddddd
0UU

.....

e
....

e
..

e
...

e
xxxx

u

e
xx

e
xxx

u)(i)(i

.

..

=+++=

=
















−+








++

+−






















−+








−+−=

=













+
















−


+
















+


+

++



























−


+








−


+−==

−

−−

−


−


−



















  



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 8.1   8.1/4 

 

 

A 19967811349816912     , 3498
2

Nsc
N

sc
U ====


= I..î.

I

î
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 The accurate peak value is higher by around 19 %, since the DC-component decays 

 slower than was assumed in simplified equation.  

 

 The theoretical maximum value without decay of the DC-component:  
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 Fig. 8.1-1: Short circuit phase current with neglected damping for the worst case (short circuit at zero 

 voltage crossing) 
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Sudden short-circuit of a cylindrical-rotor generator (Turbine generator) 

 

A two-pole turbine generator in a steam power station with the data: 400 MVA,  21 kV,  Y, 

60 Hz,  cos = 0.75,  xd = 2.2 p.u.,  xq  xd, .p.u 28.0      ,p.u. 17.0       dqd === xxx ,   s 20  d ,.T =  

s 3.0      ,s 1.1    ad == TT  

suffers a sudden terminal short-circuit, after having been operated at rated conditions. 

 

At rated operation the internal voltage Uh  - induced by air gap flux - is 1.1-fold rated voltage. 

This voltage feeds on the short-circuit. 

 

1) How big is the sudden short-circuit current in phase U 

a) in case the short-circuit happens at voltage maximum, 

b) in case the short-circuit happens at voltage zero ? 

 

2) Calculate and draw the time function of short-circuit torque neglecting damping. 
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1a) Sudden short-circuit at voltage maximum: 
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a)        b)  

 

 Fig. 8.2-1: Short circuit phase current with neglected damping a) for best case: Short circuit at 

 maximum voltage, b) for worst case: Short circuit at zero voltage crossing 
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1b) Sudden short-circuit at voltage zero: 00 = , maximum current arises at  =  : 
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 Fig. 8.2-2: Short circuit torque with neglected damping 
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Steady state short-circuit of a wind generator 

 

A small permanent magnet wind generator (xd  = xq) with damping cage for asynchronous 

starting, shows by rotation with half of rated speed at his terminals an open-circuit voltage, 

which amounts 50 % of the rated voltage at nominal speed. After the short-circuit of the stator 

windings for the same constant speed a steady state short-circuit current of 3 p.u. is flowing. 

The stator resistance is 0.07 p.u. 

 

1)  How big is the p.u.- value of stator reactance xd ? 

 

2)  How big is the steady-state short-circuit current, when the rotating speed is increased 

 to the rated value? 

 

3)  How big is the steady-state short-circuit current, when the rotating speed is decreased 

 to 10 % of rated value? Sketch the variation of the steady-state short circuit current for 

 different stator frequency! 

 

4)  How big is in the peak short-circuit current for 2) at sudden short-circuit at zero 

 voltage. Neglect damping and assume xD = xQ = 0.09 p.u. and xs = 0.1 p.u.. 
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1) Synchronous reference frame 

 PM rotor main reactance in d- and q-axis are identical: sfdqhhdh , xxxxxx ====  

(1) 
ss

s
sss 




++= j

d

d
iru  : stator winding 

(2) ( )
rms

r
rr0 




−+


+= j

d

d
ir : damper cage 

(3) 
frhsds

 ++= ixix  : stator flux linkage 

 

• No load: 
2

1
ms ==  , steady state operation 0=

d

d
 

 = 01i  (1) 
fssss 00  =++= jju  

 (2) 
fs

 =  

(3)  0000 rrr =++= iir ; the damper current is zero. 

 

 fs0s ju = : p.u. 15.0p.u. 5.0 ff0s === u  

 

•  Short circuit: steady state, 21ms ==  , 0d d = . 

 

(1) 
ssscs,s0  += jir  

(2) 0      000 rrr =++= iir ;  the damper current is zero. 

(3) 
fscs,ds

0  ++= ix  

 Substituting (3) in (1): 
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.
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
=  The steady state short-circuit current is slightly 

 increased by 7.2% compared with 1) ( )072.13216.3 = . 

 

 Note: For high frequencies ( )sds rx   the short circuit current is independent of 

 speed. 
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 For low frequencies ( )sds rx   the influence of sr  is dominant. In the limit case 

 0s →  the current 0scs, →i . 

 

 
 

Fig. 8.3-1: Short circuit current for different stator frequency 

 
 

4)  The subtransient reactance is, due to the missing of the rotor field winding, easy to 

  calculate: 

 

 

 
 

 Fig. 8.3-2: Equivalent circuit per phase for calculating the stator subtransient inductance resp. reactance. 
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Synchronous servomotor for a machine tool drive (Brushless DC motor) 
 

A permanent magnet excited synchronous motor is operated from voltage source inverter. 

Rotor position is measured by an encoder and controls phase angle of stator voltage (field 

oriented control = brushless DC drive). No damper cage is needed in the rotor. 
 

 

Fig. 8.4-1: Axial section of a permanent magnet synchronous machine without damper cage 

 

 

Given: xd = 0.35 p.u., rs  0, back EMF up = 0.71 p.u. at nominal speed.  

 

1)  Indicate the dynamic set of equations of the machine. 

 

2)  Draw the space vector diagram for stationary operation in rotor reference frame for 

 rated speed. With which angular position relative to q-axis the stator current space 

 vector has to be operated, so that the machine develops maximum torque? 

 

3)  Indicate for the results of 2) the space vector diagram for rated current and speed in 

 rotor reference frame. How big is the amplitude of the stator voltage space vector? 

 

4)  How big is the maximum torque for field-oriented control operation in accordance 

 with 2) for rated speed, if the inverter maximum voltage Umax is rated voltage UN? 
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1) Equations system: No damper and no excitation winding f0fQD   ,0  ,0 iiii ===→   

permanent magnetic flux corresponds with constant equivalent current .f0i  

It remains: 

 qm
d

dsd 



−+=

d

d
iru  

 dm
q

qsq 



++=

d

d
iru  

 Ldqqd
m

J mii
d

d
−+−= 




  

 fddd  += ix  

 qdixix == qqq    ( )qd xx =  

 ( : f0dhf ix =  equivalent excitation current) 

 

2) Steady state operation 0= dd , rated speed: ,1m =  ,0s r  ,qd −=u  ,dqu =  

,fddd  += ix  .qdq ix=  

 

 
 

Fig. 8.4-2: Space vector diagram for steady state operation 

 

 For example: ,0d i  0q i , qds
 j+= , 

sms ju = ! 

 

 Adjustment of notation according to electrically excited synchronous machine: 

 qqmd ixu −= ,   

p

fmddmq

u

ixu  +=  

 Torque:  

  

 
( ) fqfqdqqdd

fqddqqqddqqde





iiiiiix

iixiixiiim

=++−=

=++−=+−=
 

 qs ii = . A pure q-current must be impressed, in order that at qd xx =  for given current 

 the maximum torque is obtained. The d-current does not generate any torque. 

 

3) p.u. 01qs .ii == , 1m = , p.u. 710p .u = , 350sd .ix = p.u. 

....uixu p.u790710)1350()( 222
p

2
sds =+=+=  
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Fig. 8.4-3: Space vector diagram for steady state q-current operation 

 

 

4) =  p.u. 1su ( ) qs

22

d

2
p

2
s

s
2

sd
2
p

2
s ip.u. 2

35.0

71.01
i

x

uu
iixuu ===

−
=

−
==− , 

( )


eN

fNffqe 22

m

iim  === : The maximum torque is two times bigger than the rated 

torque. 
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Locked Rotor Synchronous Drive 

 

A 6-pole permanent magnet synchronous machine without damper cage, which is controlled 

by a rotor position encoder, is fed by a converter in field oriented operation. In locked rotor 

operation the machine is supplied from two phases of the converter with a voltage space 

vector = 120
ss

jeuu  .  

 

 
 

Fig. 8.5-1: The electric circuit of the inverter with the star connected stator winding 

 

Motor parameters: stator winding star connection, rs = 0.05 p.u., xd = 0.3 p.u., rated voltage 

231 V, rated current: 10 A (r.m.s.), rated speed 3000/min. The six-pole rotor has surface 

mounted permanent magnets, so the direct and the quadrature axis inductance are identical: 

qd xx = . 

 

1)  Which transistors must conduct in Fig. 8.5-1 to get the wanted position of the stator 

 voltage space vector? Describe the corresponding current flow! 

 

2)  Compute and draw for 1) the time function of current in the phase W (in Ampere), if 

 the current was zero at the beginning. Since d- and q-axis are identical and the 

 machine is not rotating (no rotation voltage is induced by the permanent magnets), you 

 can use the asynchronous machine system of equations without secondary (no damper) 

 e. g. in synchronous reference frame. The dc link voltage is Ud = 489 V. Is this point 

 of operation admissible for the drive system? 

 

3)  Give the six switching states of the inverter and the corresponding positions of the 

 stator voltage space vector for voltage six step operation.  
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1)  The voltage space vector may be given depending on the line-to-line voltages:  

 
( ) ( )VWWUW

2
VUs

3

2

3

2
uauuauauu +−=++=  

 This expression is derived as follows: 

 

( )

( )

( )
















−+−=










++=

++=

+


VWUW

WVWUs

W
2

WW

W
2

VUs

3

2

3

2
0

3

2

uu

uuauuu

uauau

uauauu

  and         WUUW uu −=  

 For auuu
oj

s
120

ss e ==  according to Fig.8.5-2 the transistors T2, T1’ and T3’ must be 

 conducting; the others must block. The per-unit DC link voltage is )2( Nd U/Uu = . 

 Hence we have uu =VW
and 0WU =u , which results in auu =

3

2
s . The current flows 

 with 100% positive in phase V and with 50% negative in phase U and W: 
2

V
W

i
i −= , 

 
2

V
U

i
i −= . 

 

 
 

Fig. 8.5-2: Conduction scheme for aueuu
oj

s
120

ss ==   

 

2)  We first calculate the stator current space vector for stand still: 0s = . Note that we 

 have fqds ,xxx ==   is constant. 

 Stator flux linkage equation:
fsss

 += ix  

 Stator voltage space vector equation:  didxirjddiru ssssssssss +=++=  

 Linear 1st order differential equation: 

 
au/uir

d

id
x ==+ )32(sss

s
d


  Initial condition: ( ) 00s ==i   

 Homogeneous solution: ( ) sesh
 −

= Ci  (
s

d
s

r

x
= : Stator winding time constant) 

 Particular solution: 
s

ssp

)32(

r

au/
ii


==   (stationary DC current) 

 Satisfying the initial condition leads to: −= siC   
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 The stator current space vector ( ) ( )se-1ss
 −

= ii  excites the stator magnetic field 

 in direction of the stator voltage space vector (V axis!). The phase current W is given 

 as ( ) ( )( ) sW iaRei = :  

 

( ) ( )








−


=

− s1
)32(

s
W

ττ
e

r

u/
aaRei  , which is with ( ) 50   

23

4

2
.aRe,ea

j

−==



: 

 ( ) ( )s1
3 s

W
ττ

e
r

u
i

−
−−=  in per unit 

 

( ) ( )s1
3 s

d
W

T/t
e

R

U
ti

−
−−=  in physical units. 

 

 Calculating the electrical stator winding time constant via the rated frequency: 

 3)(  Hz 150   503      s 50min 3000 N
N11

N ====== −− pf
p

f
n  

 
1

NN s 5.942150π22 −=== f , ms 37.6
05.0

3.0

5.942

11
s

N

s === 


T  

 
Ω1551)10231(050)( NNss ./.I/UrR ===  

 
( ) ( ) ( )A 111411)15513(489 ms376ms376

W
./t./t e.e./ti −− −−=−−=  

 

 
 

 Fig.8.5-3: Current in phase W at rotor stand still and voltage feeding according to Fig. 8.5-2 

 

 The current in phase W is 50% of the phase current V and negative. The resulting 

 stationary DC current in phase V may be calculated due to n = 0 (back EMF is zero!) 

 also simply according to Fig. 8.5-2 via the phase resistances (phase U and W in 

 parallel, in series with phase V): 

 A228215515148951 sdsV .)../()R./(Uii , ====  .  

 

A 1.141
2

s
W == 



i
i . 

 The phase current is 28.2-times the rated current, which is much too high. The inverter 

 over-current protection must switch off the machine. 
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3)  The sequence of conducting transistors (three at a time interval T/6) for six-step 

 operation according to Fig. 8.5-4a is given in Table 8.2-1. 

 
Table 8.5-1: On-state transistors in Fig. 8.2-1 for six-step operation according to Fig. 8.2-4a 

Time 

interval 

1 2 3 4 5 6 

On-state T1 T1 T1´ T1´ T1´ T1 

On-state T2´ T2 T2 T2 T2´ T2´ 

On-state T3´ T3´ T3´ T3 T3 T3 

 

a)     b)   

 
 Fig. 8.5-4: a) Voltage six step operation diagram of the three line-to-line voltages, b) Voltage space 

 vector diagram for the six-step operation 

 

 With the on-states of the transistors according to Table 8.2-1 for the six time intervals 

 1 … 6 per period T (duration of each interval T/6) the three line-to-line voltage time 

 functions are derived: e.g. for time interval 3 see Fig. 8.5-2. With these time functions 

 of uWU and uVW with the formula ( )VWWUs
3

2
uauu +−= the six stator voltage space 

 vectors are calculated in physical units in Fig. 8.5-4b, for example in time interval 2: 

 

 
( )aUuauu

UU

+=
















+−=

−

1
3

2

3

2
dVWWUs

dd

, ds
3

2
UU =  
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Power synchronous drive for a cooling compressor 

 

An electrically excited 17 MW synchronous motor used for a cooling compressor in an 

petrochemical factory is supplied by a current-source inverter.  

Motor parameters:  

PN = 17 MW; nN = 4850/min; 2p = 2 

UN = 7,2 kV, Y; IN = 1435 A; (fundamental voltage and current, r.m.s.-value); 

The inverter DC-link current is Id = 1850 A 

 

The time function of the phase currents in stator winding and the phase voltages are shown in 

Fig. 8.6-1 and Fig. 8.6-2 respectively. 

 

 
 

Fig. 8.6-1: Phase currents time function in the phases: U, V, W 

 

 
Fig. 8.6-2: Phase voltage time function in phases: U, V, W 
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Answer the following questions: 

 

1.)  How big is the time period T and the frequency of i(t) and u(t) for rated operation ? 

 

2.)  With which power factor of fundamental voltage and current cos  is the motor 

 operated (Sketch fundamental of u(t), i(t) according to Fig. 8.6-1 and 8.6-2) ?  

 

3.)  Calculate the current space vector in physical units (A) and as p.u.–values for 

 Id =  1850 A for the following instants (time t):  

 

  a) t = T/12 and  b) t = T/4 . 

 

4.)  Draw the current space vector i(T/12), i(T/4) of 3), using scale: 200 A/cm, in the cross-

 section plane of the machine in complex reference frame (Fig. 8.6-3). How big is the 

 angle between the two vectors? 

 

5.)  How long does the position of the current space vector remain unchanged? 

 

 

200A/cm

Im

Re

 
 

Fig. 8.6-3: Chart 1 for the space vector diagram 
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1) 
 

Hz 83,80
60

4850
1122 NNNN ===== nfnpfp  

 

ms 37,12
83,80

11

N

===
f

T

 
2)  Power factor cos  is defined by phase shift angle   only between sinusoidal time 

 functions with the same frequency. 

   The motor phase voltage is sinusoidal (Fig. 8.6-2). 

   The motor current fundamental harmonic (Fig. 8.6-4: ordinal number k = 1) has the  

            same frequency as the motor voltage. 
 

 

 
 

Fig. 8.6-4: Block-shaped phase current and its fundamental  
 
 

  1cos ,00 ==   .   The motor is operated with unity power factor. 

3) ( ) 3
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W
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 Normalisation with :A 143522 N = I ( ) p.u. 1,05
14352

2136
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
−= jj/Ti  
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 Note: The absolute value ( ) A 2136106818504/ 22 =+=Ti  is identical with the 

 absolute value ( )12/Ti . 

 

 Conclusion: The current space vector is changing the direction, but not its absolute 

 value (length of vector) (Fig. 8.6-5). 

 Normalisation: ( ) ( )4  p.u. 52609120
14352

1068j1850
/Ti.j. =−=



−
 

 Absolute value: ( ) p.u. 051526091204 22 .../Ti =+=  

 

4)  

 
 

 Fig. 8.6-5: Stator current space vector at a) t = T/12, b) t = T/4. The angle between the two space vectors 

 is 600. 

 

5)  For a time interval of ms 062
6

3712

6
.

.T
==  the direction of the current space vector 

 remains unchanged, then it “jumps” 60° in anti-clockwise direction (Fig. 8.6-6). 
 

 Note: During one time period, the current space vector i  has 6 different positions. 
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Fig. 8.6-6: The stator current space vectors for the six states during one fundamental cycle T 



Energy Converters - CAD and System Dynamics  Collection of exercises 

TU Darmstadt  Institute of Electrical Energy Conversion 

Exercise 8.7   8.7/1 

 

Sudden short circuit of a marine generator 

On a cruise ship with electric propulsion the power supply is provided by 3 diesel-powered 

on-board generators with 32 MVA each. Data of each of the synchronous generators: 

UN = 10.5 kV Y, SN = 32 MVA, cosN = 0.8, overexcited, fN = 50 Hz, reactances:  

xd = 1.1 p.u., 180d .x = p.u.. The stator resistance is neglected. 

 

1)  One of the generators, which was operating at no-load ("stand-by"), suffers from a 

 sudden terminal short circuit after a system failure. The short circuit happens during 

 the zero-crossing of phase V. How big is the peak value of the sudden short circuit 

 current in phase V, if a decay rate of the dc-component of 0.8 is assumed? 

 

2)  How big is the amplitude of the steady-state short circuit current, after all transient 

 currents have vanished, if this current is not switched off immediately by a power 

 switch? 

 

3)  The generator needs to be sent back to the manufacturer to be repaired. After 

 successful recovery, the generator shall be asynchronously started in the manufacturer 

 test bay via the damper cage. How big is the stator current per phase assuming a direct 

 connection of the machine to the grid in the worst case? 

 

4)  To limit the asynchronous starting current according to 3) a series inductor shall be 

 dimensioned. How big must this inductance be to reduce the starting current to 70 %?  

 

5)  Which further advantages are obtained by using a starting-transformer, which feeds 

 with its secondary winding the stator winding, with a transfer ratio ü = 2? Calculate 

 the AC starting current on grid and secondary side, if the primary and secondary 

 leakage reactances are x1 = x’2 = 0.03 p.u. and the rated primary voltage is 10.5 kV, 

 and the rated transformer power is 6.5 MVA! 
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1)  Rated current: A1670)5103(32000)3( NNN === ./U/SI  

 

A2211980
180

176022
80

22

d

N
Vk, =


=




= .

.
.

x

I
Î  

 
22119Vk, =Î A = 12.6-times the rated current  

 

2)  Short circuit after no-load operation at rated voltage: Short-circuited voltage = no-load 

 voltage = back EMF: Us0 = Up = UNph. Limiting impedance = synchronous reactance 

 Xd. Stator resistance neglected! 

 
Ω4431670)310500(NphN,N .//I/UZ === , Ω620443180Ndd ...ZxX ===  

 
Ω78344311Ndd ...ZxX === ,   A2268

783

)310500(22

d

p
k =


=


=

.

/

X

U
Î  

 Amplitude of the steady-state short circuit current: 2268k =Î A = 1.29-times rated 

 current. 

 

3)  Starting of the synchronous machine via its rotor cage = T-equivalent circuit! Starting 

 current = slip is unity! 

 

 
 

 Fig. 8.7-1: T-equivalent circuit per phase for the field fundamental of a synchronous machine without 

 consideration of short-circuited excitation winding. Rotor quantities are damper cage quantities 

 (subscript “r” is “D” for d-axis)  

 

 The excitation winding is short-circuited to avoid secondary induced high over-

 voltages during asynchronous start up! The induced AC current in the short-circuited 

 excitation winding contributes to the asynchronous starting torque, giving instead of 

 Fig. 8.7-1 a three-winding transformer Fig. 8.7-2!  

 

 
 Fig. 8.7-2: T-equivalent circuit per phase for the three-winding transformer (stator winding, rotor cage 

 and field winding) at slip s = 1: a) with resistances, b) without resistances 

 

 According to Fig. 8.7-2 the stator reactance at starting (s = 1) is dx   in the d-axis, and 

 qx   in the q-axis. Hence the average value is active: 2)()1( qds /xxsx +== .  
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 As qd xx  , we take ds 1 x)s(x = . For calculating the starting current, when 

 switching the stator winding to the grid, it is done like for the induction machine 

 in CAD textbook, Chapter 7 (Fig. 8.7-3). The maximum starting current occurs in the 

 worst  case of zero crossing of the phase voltage! With ds )1( xsx =  the 

 worst-case starting current is with damping due to the resistances (damping factor 

 0.8 like in case of short-circuit) 

 

 

A2211980
180

176022
80

22
80

22

d

N

d

N
Uk, =


=




=




= .

.
.

x

I
.

X

U
Î     . 

 

 
a)               b) 
 

Fig. 8.7-3: Phase current in phase U after switching a sinus voltage u to the stator winding of an induction 

machine, damping neglected: a) Switching on at zero crossing of U phase voltage, b) Switching on at maximum 

U phase voltage. For a synchronous machine the same equivalent circuit may be taken with xs(s = 1) = dx   instead 

of xs(s = 1) = xs. 

 

 The worst-case starting current amplitude occurs, when connecting the phase to the 

 grid during voltage zero-crossing: 22119ˆ
1 =I A. It is identical in value with the 

 sudden short-circuit current of 1). 

 

4)  Additional series inductor impedance xD increases the stator winding reactance per 

 phase at s = 1: Dds )1( xxsx += . 

 Condition for designing the size of xD: A154832211970s == .Î . 

 

70
Dd

d .
xx

x
=

+


, p.u.07701

70

1
dD .x)

.
(x =−= , 

 mH458)502(4430770sNDsDD ./../Zx/XL ====   

 A series inductor LD = 8.54 mH limits the peak starting current to 15.5 kA. 

 

5)  A starting transformer does not only act as a series impedance, but via the transfer 

 ratio it is also reducing the starting current I2 = I1
.ü due to a smaller secondary voltage 

 U2 = U1/ü < U1, which feeds the stator winding (Fig. 8.7-4). The transformer series 

 impedance is mainly its total leakage reactance. 
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 Fig. 8.7-4: Transformer equivalent circuit per phase with infinite big magnetizing reactance 

 (=  neglected magnetizing current). 

 

 The grid-side AC starting current (without the DC link component) is calculated with 

 neglected resistances. 

 

 Transformer rated voltages: kV255kV/510kV510 N2N1 .ü.U,.U ===  

 Rated transformer primary current: A357)5103(6500)3( N1NTN1 === ./U/SI    

 Rated transformer impedance: Ω9616357)310500(N1ph1N,N1 .//I/UZ ===  

 Transformer leakage reactance: σ21σ Ω5090Ω9616030 X...X ===  

 Starting AC current at the primary transformer winding:  

 A1735
620250905090

310500

)(

2

d
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1
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++
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 The starting current is 4.85-times the rated primary transformer current!  

  

 For comparison: AC starting current without transformer: 

 A9778
620

310500

d

1
1 ==


=

.

/

X

U
I  

  

 Due to the step-down transformer (50% secondary starting voltage) and the 

 transformer leakage reactance the line-side starting current is reduced by a factor 

 9778/1735 = 5.6! 
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Synchronous generators for power plant 

Following salient-pole synchronous generators have been offered by a manufacturer to be 

installed at a hydro power plant in Matala in Angola: 

 

SN = 17.8 MVA (rated apparent power)        UN = 10.5 kV Y (rated line-to-line voltage) 

2p = 28     fN = 50 Hz 

 = 96.6 % 

 

Mechanical input power of the FRANCIS turbine unit Pm = 14.8 MW.  

 

Following calculated values have been provided to the planning consortium by the 

manufacturer: 

Xd = 5.4  (synchronous reactance) 

Rs = 0.33  (winding resistance per phase at 20°C) 

Ω3.1d =X  (subtransient reactance of the direct axis) 

 

1) How big are the rated current and the rated power factor of the generators? 

 

2) Calculate the rated impedance of the generators! 

 

3) How big is the worst-case amplitude of the short circuit current, if a three pole sudden 

short circuit occurs? Generators were running prior to short circuit at no-load rated 

voltage! Describe the worst-case conditions! 

 

4) How much higher are the current forces during short circuit in the generator as well as 

in the switch-gear compared to rated operation? 

 

5) How much higher is the sudden short circuit alternating torque amplitude compared to 

static pull-out torque? 
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1) A7.978A
105003

108.17

3

6

N

N
N =




=


=

U

S
I  

 
N

ecos
S

P
= , generator operation: = me PP  803.0

8.17

966.08.14
cos

N

m =


=


=
S

P 
  

2) 

 sN

sN
N

I

U
Z = , Y-connection of the windings: 

 
3

, N
sNNsN

U
UII == :   Ω6.19

7.9783

10500
N =


=Z  

 

3)  Worst-case for sudden short circuit: 

- sudden shortcircuit occurs at zero-crossing of voltage  full DC component occurs. 

- short circuit direct at terminals: no additional resistance for current decay, no 

additional reactance for current limitation   

 

 Machine is running at no-load, rated voltage: ps UU = . 

 If no decay of DC component considered, we get: 

 A13189.6A
3.13

10500
22

ˆ
2ˆ

d

sN
k =


=


=

X

U
I  

  

 Remark: sNk 5.13ˆ II = ! 

 

4)  The forces between two conductors are proportional to 21 II  , in this case I2
. 

 

!8.90
7.9782

6.13189

ˆ

ˆ

ˆ

ˆ 22

sN

k

N

k =









=













=

I

I

F

F
 

 

 The current forces at sudden short circuit compared to the current forces at rated 

 operation are higher by a factor of 90.8! 

 

5) 3.8
3.1

4,5
22

ˆ

ˆ

d

d

p

s

p0

k ==


=
X

X

U

U

M

M
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Steady state operation and transient stability of a synchronous motor 

 

A 2-pole 20 MW synchronous motor with cylindrical rotor is used for a pipe-line compressor 

drive. The main motor data are xS = 0.1, xdh = xqh = 1.5, xf = 0.15. The stator winding 

resistance is neglected rs  0. 

1) Give the p.u. steady state voltage (ud, uq), flux linkage (ψd, ψq) and torque (ms) equations as 

a special case of the general dynamic equation in the d-q-reference frame. 

2) The motor is operated at rated torque ms = 1 and rated speed m= 1, with if = 1.5 at under-

voltage us = 0.9 and uq > 0. Determine ud, uq, id, iq ! Is the motor current exceeding the 

rated value is = 1? 

3) Give the phasor diagram, scale 0.1 p.u. = 0.5 cm for phase voltage, phase current, the back 

EMF xdh·if and the self-induced voltage xd·is. Introduce a complex coordinate system (Re-

axis = d-axis, Im-axis = q-axis) and give the correct complex phasors in the diagram. Show 

the load angle  and phase angle φ in the diagram. Discuss the result. 

4) Give the power equation pe() at transient condition as a formula in p.u.! 

5) Determine x’d and u’p and give the graph pe() for motor operation in the load angle range 

–π ≤  ≤ 0! Determine the values pe() for =-π, -3π/4, -5π/8, -π/2, -π/4, and 0. 

6) How big is the transient motor overload capability (= transient pull-out power) in p.u. and 

in terms of the electrical real power! You can do this either graphically or analytically!  

 

1)  Steady state: d./d = 0:  

qmdsd iru  −=          dmqsq iru  +=  

fdhddd ixix +=    qqq ix =  

sqddq mii −−= 0  

2) 6.1=+== sdhqd xxxx , 0=sr  

qqmd ixu −=  , fdhmddmq ixixu +=   

44.0
5.15.1

1
=


===−=

fdf

s
qfqdfqddqs

ix

m
iiixiim   

711.044.06.11 −=−=−= qqmd ixu   

55.0)711.0(9.0 2222 +=−−=−= dsq uuu  

The negative sign yields a too big load angle > 90°, so that the operation is not stable. 

063.1
6.11

5.15.1155.0
−=



−
=



−
=

dm

fdhmq
d

x

ixu
i




 

115.144.0063.1 2222 =+=+= qds iii  

 

The motor stator phase current exceeds the rated value. 

3) See Fig. 8.9-1. 

4)  






















−


−




−= )2sin(

11

2
sin

2

, 
dd

s

d

ps
sdyne

XX

U

X

UU
mP  
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Fig. 8.9-1: Steady state phasor diagram for motor operation: The load angle is negative (motor operation). The 

phase angle is leading (negative phase angle): The motor is over-excited.  

 

NNs

dyne
dyne

IUm
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
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

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
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X
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U

U

IU

IU

X
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)2sin(
11

2
sin

2

,  







−


+




−=

dd

s

d

ps
dyne

xx

u

x

uu
p  

5) 236.0
65.1

15.05.1
1.0 =


+=

+
+=






fdh

fdh
sd

xx

xx
xx  

 According to Fig. 8.9-2: 8.0063.1236.055.0 =+=−= ddqp ixuu  
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Fig. 8.9-2: Cylindrical rotor synchronous machine: Typical phasor diagram per phase in physical units in rotor 

reference frame during transient state, stator resistance neglected (Rs = 0):  

 

Alternative calculation: 65.15.115.0 =+=+= dhff xxx   

8805.05.165.1)063.1(5.1 =+−=+= ffddhf ixix

8.08805.0)65.1/5.1()/(:1 ===== ffdhpms xxu   

05.3
236.0

8.09.0
=


=





d

ps

x

uu
, 46.1

6.1

1

236.0

1

2

9.011

2

22

=







−=








−




dd

s

xx

u
 

)2sin(46.1sin05.3,  +−=dynep  see Fig. 8.8-3! 

 - -3/4 -5/8 -/2 -/4 0 

pe,dyn() 0 3.62 3.85 3.05 0.7 0 

 

6) A = 3.05, B = 1.46, )2sin(sin,  +−= BAp dyne  

493.0,015.1
2

1

88
)cos(0/

2

,, −=+







==

B

A

B

A
ddp dynpdyne   The value 

must be less than or equal to unity because of the cosine function!  

 

= 5.119,dynp , for motor operation: −= 5.119,dynp  

 

Dynamic pull-out power:  

92.3)2sin(sin ,,,, =+−= dynpdynpdynpe BAp   p.u.  This value may be also derives 

from the graph of Fig. 8.9-3. 
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Fig. 8.9-3: Sketch of the transient power capability of the cylindrical rotor synchronous machine at motor 

operation (Rs = 0) 
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Mechanical natural frequency for small speed deviations 

 

1) Give for a permanent magnet excited cylindrical pole synchronous machine without 

damper cage the dynamical equations in p. u. for stator current per phase and speed in the 

rotor reference frame and specialize them for steady state operation at a given three-phase 

stator voltage system a constant staor angular frequency 0. Neglect any damping! 

2) Specifiy the steady-state condition for stator voltage and current for a) mechanical no-load 

and b) electrical no-load condition! 

3) Linearize the voltage and mechanical differential equation for a given no-load steady-state 

condition! 

4) Consider a small load torque disturbance ms. Which of the two stator current components 

will change slightly? Determine the corresponding voltage components! 

5) Solve the mechanical linearized equation for a small step m in load torque for the initial 

conditions id(0) = 0, iq(0) = 0, m(0) = 0! 

6) Show that the occurring undamped angular eigenfrequency d,m of speed in physical units 

is identical with the undamped rotor oscillation frequency of a synchronous cylindrical 

rotor machine at constant voltage and excitation, given in Chapter 7.7 as 

J

cp
md





=, . 

7) Give the time function of the stator current in the d-q-reference frame at this undamped 

oscillation and make a sketch of iq() together with ms(), m()! 

8) Give the time function of the stator current per phase U is,U()  at this undamped oscillation.  

 

1)  Rotor reference frame d-q:  

dm
q

qsqqm
d

dsd
d

d
iru

d

d
iru 









++=−+= , , 

Permanent magnet rotor: qqqpdddpf ixixconst =+===  ,. : 

pmddm
q

qqsqqqm
d

ddsd ix
d

di
xiruix

d

di
xiru 





+++=−+= , , 

sqqdfqddqsqddq
m

J mixiiiximii
d

d
−−+=−−= 




  

Cylindrical rotor: qd xx = , neglected damping: rs = 0. 

pmddm
q

dqqdm
d

dd ix
d

di
xuix

d

di
xu 





++=−= , , 

spq
m

J mi
d

d
−= 




 . 

Steady state: d./d = 0: smmspq constmi  ===−= 000 .0 , 

pmddmqqdmd ixuixu  +=−= 0000000 , . 

 

2) No-load: a) Mechanical: ,00 00 == qs im pmddmqd ixuu  +== 00000 ,0 , 

                b) Electrical: :0,00 000 === qds iii  pmqd uu  == 000 ,0 . 

 

3) 00 dddd uuuu  =+= , qqq uuu += 0 , mmm  += 0 , 
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     dddd iiii  =+= 0 , qqqq iiii  =+= 0 , ssss mmmm  =+= 0 ,  

     (3.1): ,)( 00 qdm
d

dqdmm
d

dd ix
d

id
xix

d

id
xu 









 −+−=  

               pmmddmm
q

dqq ix
d

id
xuu 




 ++++=+ )()( 000 , 

   (3.2): pmddm
q

dq ix
d

id
xu 




 ++= 0 , 

   (3.3): spq
m

J mi
d

d





 −=  

 

4) From (3.3): A load torque disturbance will cause a current qi  and a change in speed  

    m , whereas 0=di .  

     ,00 qdmqdm
d

dd ixix
d

id
xu 




 −=−   

     00 =+=++= pm
q

dpmddm
q

dq
d

id
xix

d

id
xu 









 . 

     The voltage ud must change slightly, whereas uq may be kept constant. 

 

5)     (3.3): 





















d

md

xd

md

d

id

d

d s
p

d

ms
p

qm
J −−=−= 2

2

2

)( , 

    Torque step with Heavisides´s step function )( :  

     ;0,0)( =  sm 0,)( =  mms : 0,0 = 




d

md s . 

     (3.3): 0

2

2

2

=+
d

p
m

m
J

xd

d 





 , )cos()sin( ,,  mdmdm BA += , 

     
dJ

p
md

x
=






2
2

, , 0)0( == Bm , AA mdmdmdm == ,,, )0cos()0(   ,  

    )sin(
)0(

)( ,
,





 md

md

m
m =


, )0()0(

)0(
:0 +−+=

+
+= spq

m
J mi

d

d





 ,  

    m
d

d
mJ

m
J 




 −==

+
 )0(

)0(
 , )sin()( ,

,





 md

mdJ
m

m




−
= . 

 

6)  
dJ

p

N

md
md

x
==










2
,

, , 
N

p
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p
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U

U ˆ

ˆ
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ˆ
==




 , pNpU  ˆˆ = , 
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dN
d

IU

L
x

ˆ/ˆ


= , 

     No-load: 
N

p

N

s
pmqqdspmqd

U

U

p

p
uuuuuu

ˆ

ˆ

/

/
,0 00

2
0

2
0000 ===+===




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     Operation at rated frequency: Ns  =  , 
N

p

N

s
s

U

U

U

U
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ˆ

ˆ

ˆ

ˆ
== ,      
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N
J

IUp

J

ˆˆ3
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


=


 , 
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synd

ps

dN

NN

N
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N

p

N

s
Nmd

J
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UU
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, , 

    Pull-out torque at rs = 0: 
dsyn

ps
p

X

UU
M



3
0, = , 

J

pM p
md


=

0
, . 

    Synchronous steady-state torque in dependence of load angle : sin
0,

−=
p

e

M

M
. 

    Magnetic spring constant 


 cos0 −== p
e M

d

dM
c , at no-load:  = 0, 0pMc −= . 

    At no-load: 
J

pc

J

pM p
md


=


=




0
,  in concordance with Chapter 7.7. 
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q
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x 
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x
d

x
i md
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p
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p
q +


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p
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p
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x
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x
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
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22
,

0)0( , 

    ))cos(1()( , 



 md

p
q

m
i −= , 0)( = di , )()()(  qrs iji = . 

 

    
 

Fig. 8.10-1: Sketch of load torque step, speed and q-current variation due to natural rotor oscillation frequency 

d,m at no-load and Rs = 0 
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8) ))cos(1()( ,)( 



 md

p
qrs

m
jiji −== , 0)()( ,  +== m

j
rsss eii ,  

  )sin())cos(1(Re 0,)(, 



+−−== mmd

p
ssUs

m
ii . 

 As Hz50~m >> Hz21~, md , the stator phase current pulsates with 50 Hz within the 

envelope of amplitude, given by ))cos(1( , 



md

p

m
− , showing the rotor oscillation also in 

the “breathing” stator current amplitude. 
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Typical questions for exam preparation 

 

1. The induction machine 

1.1 Name typical utilisation factors according to ESSON for dc, synchronous and induction 

machines. Why do large machines have the highest utilisation factors? 

1.2 Which electrical quantities determine the thermal utilisation of electrical machines? Why? 

1.3 How do current loading A and magnetic air-gap flux density B determine the overload 

behaviour of rotating field machines? 

1.4 How does the number of turns per phase of a rotating field winding determine the air-gap 

flux density? 

1.5 Assume that the hysteresis and eddy-current losses in the iron core of a rotating field 

machine are too high. How can they be reduced by changing the number of turns at a 

fixed voltage supply? 

1.6 How do the parameters of the equivalent circuit change with the number of turns? Assume 

that the starting current of an induction machine is 15 % too high. How can it be reduced 

by changing the number of turns at a fixed voltage supply? 

1.7 Assume the starting torque to be by 20 % too small. How can it be increased? 

1.8 Explain the basic approach of designing magnetic circuits with saturated iron. 

1.9 What is Carter's coefficient? 

1.10 Explain the method of calculating the ampere-turns for magnetising the teeth and yokes 

of rotating field machines. 

1.11 How does the stray flux of a slot conductor look like? Which components of the total 

stray flux do you know? 

1.12 Describe the losses occurring during energy conversion in induction motors? Give 

formulas! 

1.13 What are "surface" and "pulsation" losses? Describe their generation in case of an 

induction machine under no load conditions. 

1.14 According to the standards, how big must the overload capability of a line-fed induction 

motor be at least? What is the minimum allowed torque in the M(n) characteristic? Why 

are parameters like these standardised? 

1.15 How big should the starting current be at most? 

1.16 Give formulas for the "specific thrust"! How is it related to Esson's utilisation factor? 
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1.17 With what mathematical power (xn) do the stack length, the electric loading A and the 

flux density increase with increasing output power? 

1.18 Why do we have additional losses inside the slot conductors of the stator winding? How 

can they be reduced? 

1.19 Which conductor height should not be exceeded at 50 Hz in order to limit the additional 

losses due to current displacement to reasonably small values? 

1.20 A typical value of breakdown strength of air is 40 kV/cm. Compared to this value, what 

is the breakdown strength of modern insulating materials which are nowadays used in 

electrical machines? 

1.21 Why is the rated voltage of electrical machines currently limited to about 30 kV, whereas 

transformers can be built with rated voltages of up to 750 kV and more? 

1.22 Define the "locked-rotor voltage" of slip-ring induction machines! How can it be 

measured directly?  How can the transformation ratio be derived from this measurement? 

1.23 In which parts of the iron core are hysteresis and eddy-current losses mainly located?   

1.24 Explain the specific losses in electric steel sheets? How can they be determined 

experimentally? 

1.25 How do we choose the air gap of an induction motor? Should it be rather big or rather 

small? Give an explanation! 

1.26 Describe the influence of open slots on the magnetic air-gap flux density! Why do we 

use open slots? 

1.27 What is the "equivalent length" of the iron stack? 

1.28 Assume the magnetising current to be too big! How can it be reduced for a given stator 

voltage supply? 

1.29 How does the pole number, at a given bore diameter, influence the magnetising 

inductance? 

1.30 How does saturation influence the magnetising inductance? 

1.31 Explain the "current" and "voltage transformation ratio" of a squirrel cage and a slipring 

induction motor. 

1.32 How big is the increase of ohmic resistance of a 5 cm high copper deep-bar at 50 Hz and 

slip s = 1? How big is it when the machine is supplied by a 60 Hz grid? How does an 

aluminium rotor behave compared to a copper rotor (aluminium conductivity smaller by a 

ratio of 34/57 compared to copper)? 

1.33 How can iron losses and additional stray load losses be included in the equivalent circuit 

diagram? 
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2. Cooling of electrical machines 

2.1 Give an overview of typical cooling systems for rotating electric machines. 

2.2 What is the Thermal Class of insulation systems? Give some examples. Where are these 

classes defined? 

2.3What is "Montsinger's rule"? 

2.4 Outline an equivalent scheme of heat sources and heat flow inside an induction motor. 

2.5 Which physical principles are responsible for heat transport in electrical machines? What 

are "hot spots"? 

2.6 Describe the thermal time constant of a homogeneous body. Discuss the influences of the 

body parameters on this time constant and the special case of "adiabatic" heating. 

2.7 Where and how are "duty types" of electrical machines defined? Give some examples. 

2.8 Why can the thermal utilisation of an electrical machine be increased in case of a short-

term or intermittent periodic duty? 

 

3. The converter-fed dc machine 

3.1 Which equations describe the dynamic behaviour of a separately exited dc machine? 

3.2 Name the time constants of a separately excited dc machine. Which ones are short, which 

ones are long? 

3.3 Which transient phenomenon is described by the mechanical time constant, which one is 

described by the electrical time constant? 

3.4 How is the mechanical time constant influenced by field weakening? 

3.5 Explain the correlation between starting time constant and mechanical time constant. 

What is the starting time constant? 

3.6 When is a dc drive capable of oscillating? Which parameters have an influence on the 

tendency to oscillate? Which two kinds of energy storage determine the oscillation of a 

dc drive? 

3.7 How does the oscillation frequency change in case of field weakening? 

3.8 Of which order is the control transfer function of a dc drive? 

3.9 Sketch and discuss the operating limit characteristics of a converter-fed dc drive, 

depending on speed! 

3.10 Sketch the converter circuit of a four-quadrant dc drive! Explain the generation of 

circulating current in converter-fed dc drives! Discuss advantages/disadvantages of this 

kind of drive operation. 
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3.11 Which are the effects of the converter supply on the operating behaviour of the dc 

machine? 

3.12 Specify the dynamic characteristics of controlled dc drives in terms of rise time, time 

constants, and dynamic performance. 

3.13 Explain the generation of circulating parasitic currents in anti parallel dc converters. 

 

4. Dynamics of line-operated induction machines 

4.1 What is a space vector? Give both a descriptive explanation and an exact mathematical 

definition of a space vector. 

4.2 Are field space harmonics caused by a) the distribution of coils in slots, b) limited number 

of phase belts and c) due to slot openings included in the definition of space vectors? 

4.3 How does a zero sequence current system influence the performance of electrical 

machines? How do positive phase-sequence and negative phase-sequence systems 

determine motor operation? 

4.4 Does the space vector definition include the positive, negative and zero sequence current 

systems? 

4.5 Explain graphically the transformation of phase currents into current space vector and vice 

versa. 

4.6 Give the definition of flux linkage space vectors of main and leakage flux! 

4.7 Describe the method of calculation with per-unit quantities! Name advantages and 

disadvantages! Give the definition of the reference impedance ZN! 

4.8 Are the reference voltage for calculating with p.u. values and the rated voltage of a 

rotating field machine identical? Give an example! 

4.9 Which reference frames of induction machines are used with space vector calculation? 

Why do we use different reference frames? 

4.10 Give an explanation of electromagnetic torque generation using space vectors.  

4.11 How many and which equations do we need to completely describe the dynamic 

behaviour of an induction machine using a) complex space vectors, b) - and -

components of space vectors? 

4.12 Where do we include the effect of space harmonics in the space vector calculation 

theory? 

4.13 Explain the starting of a mains-connected induction motor at voltage zero-crossing and 

maximum voltage. 
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4.14 Mains-connected induction motor in steady state conditions: Describe the locus of the 

moving current space vector, voltage space vector and flux linkage space vector 

performed in the stator reference frame! 

4.15 Which effects can be distinguished at a "quick" start-up of an induction machine, 

compared to the steady state M(n)-characteristic? What is the "dynamic" breakdown 

torque? 

4.16 Describe the influence a dc component of the starting current on the torque? 

4.17 Give a descriptive explanation of the induction machine as an oscillating system. 

4.18 Discuss the time function of the sudden short-circuit current of an induction machine 

with respect to the instant, when the sudden short circuit occurs. 

 

5. Dynamics of inverter-fed induction machines 

5.1 Discuss time constants, damping and natural frequencies of an induction motor with 

variable voltage/frequency operation. Why are these values only valid for small deviations 

from the considered points of operation? 

5.2 Inverter supply of an induction machine with open-loop variable U/f operation: Describe 

the dynamic performance at low frequencies! 

5.3 How does a big stator series resistor influence the dynamic performance of an induction 

machine with open-loop variable U/f operation? 

5.4 Explain the basic principle of field oriented control. Why does this control strategy allow 

good dynamic performance of an induction machine? 

5.5 For field oriented control we need to know the spatial location of the field axis of the flux 

space vector. Why?  How can it be determined? 

5.6 Which kinds of inverters are used with variable speed induction machines? Discuss 

advantages/disadvantages! 

 

6. Dynamics of line-operated synchronous machines 

6.1 Which reference frame is commonly used for the mathematical description of 

synchronous machines? Why? 

6.2 Why is the complex space vector equations decomposed into its d- and q-components? 

6.3 How many and which equations do we need to describe the dynamic behaviour of 

synchronous machines?  How many main equations do we have?  

6.4 Explain Park's transformation! 
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6.5 Discuss the transient and sub-transient reactance of d- and q-axis and give a physically 

descriptive explanation. 

6.6 What is a ”reactance operator” ? In which way is it used? 

6.7 Explain the damper no-load and the damper short-circuit time constant! 

6.8 Give an overview on different time constants of a synchronous machine and show their 

interrelation. 

6.9 Explain the influence of the sub-transient reactance on the magnitude of the sudden short-

circuit current of a synchronous machine! 

6.10 Why can it happen, that the sudden short-circuit current does not have any zero crossings 

during the first oscillation periods?  

6.11 Discuss the current components of the sudden short-circuit current! What is the influence 

of the instant of time of the short circuit on the magnitude of the peak current with respect 

to the phase angle of the stator voltage? 

6.12 How does the transient torque occurring during a sudden short-circuit look like? May 

this torque be dangerous for the operation of electrical machines? 

6.13 For rapidly changing currents (loads) at constant speed the synchronous machine is 

described as 3 winding transformer in the d-axis and as a 2 winding transformer in the q-

axis, additionally to the rotary voltage induction.  

6.14 Why can this transformer effect be omitted during steady-state synchronous operation, 

where currents are changing sinusoidal with synchronous frequency? 

6.15 Which windings are “involved” in the 3-, which are involved in the 2-winding 

transformer? Draw equivalent circuits for these transformer configurations! 

6.16 Explain the terms “transient” and “sub-transient” reactance using the d-axis transformer 

equivalent representation of the synchronous machine? Give typical per unit values! 

6.17 Why does the q-axis only have a sub-transient, but no transient reactance? Determine the 

sub-transient reactance of the q-axis from the 2-winding equivalent transformer! 

6.18 Name typical orders of magnitude of the different reactances of synchronous machines in 

p.u.-values! Which reactances are the smallest and why? 

6.19 Give an approximate formula for the calculation of the magnitude of the sudden short-

circuit current of synchronous machines with damper cage! Is the sudden short-circuit 

current larger than the steady-state short circuit current? If so, why and by typically which 

value? 

6.20 When has the sudden short-circuit to happen - with respect to the terminal voltage - to 

cause the maximum current amplitude? When does it need to happen to cause the 
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minimum current amplitude? Why is it inevitable in case of three-phase machines that at 

least one phase will suffer from (nearly) maximum short circuit current amplitude?  

 


