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5. Inverter-fed induction machines

Source: ELIN EBG Motoren GmbH, Austria
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5.1 Basic performance of variable-speed 
induction machines

5. Inverter-fed induction machines

Source: ELIN EBG Motoren GmbH, Austria
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Stator winding air gap flux density distribution
Voltage-source inverters with DC voltage link:
400 V grid, 5404002)/3(  dU V
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Generation of PWM voltage
a) Comparison of saw tooth and reference signal lead to PWM control signal for power 
switches: Potential L1(t) at terminal L1 varies with that PWM signal
b) Difference of two terminal potentials delivers line-to-line voltage uL1-L2(t)

Source: 
Kleinrath. H.; Springer, 1980

Ts

ss Tf /1
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Voltage stays constant: Power ~ U.I = const; torque decreases inverse to 
frequency:

Constant power range

sssssesNmoteNrsNeN UIIMpPMMpPM  /~~/)/( , 
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Constant rated power range is limited, where decreasing breakdown torque
reaches torque demand for rated power: e.g. 2.7fN.
Usually maximum frequency fs,max is defined, where Mb/MN = 1.6 (60% overload
margin).

Breakdown torque decreases 
inverse to square of frequency:

0sRat

 swss Nk

2.7fN
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Variable speed torque-speed curves with voltage limit

Constant torque

Constant power

Voltage limit

ssNs RIU 1

Offset

0sRat
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Variable speed induction motor at Rs > 0

a) Linear rise of voltage with frequency Us ~ fs : 
Breakdown torque decreases with decreasing speed

b) Additional voltage offset Us1 = RsIs at zero speed to compensate resistive voltage 
drop: Breakdown torque stays above rated torque
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5.2 Drive characteristics of inverter-fed 
standard induction motors

5. Inverter-fed induction machines

Source: 
Siemens AG
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Loss variation in inverter-fed standard induction motors

 Cooling air flow of shaft-mounted fan rises linear with speed:

 Iron losses in stator: rise with square of flux, with frequency exponent x  1.8:
NsN ffnnV /~/~

x
NsNFe ffP )/()/(~ 2 

2
1 )/()/(~ Ns

z
Nad IInnP 

y
Ns

y
Nwfr ffnnP )/(~)/(~

 Friction losses (bearings ~ n … n2), windage losses (fan ~ n3): exponent y = 2,5 ... 3:

 Stray load losses (caused by space harmonic effects): z  1.5...2

Hysteresis ~ f, eddy currents  ~ f 2

- tooth flux pulsations
- harmonic rotor currents Ir
- harmonic inter-bar currents Iq
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Variable air flow in inverter-fed standard 
induction motors with shaft-mounted fan

 :Ns ff  Flux weakening: sf/1~ :  
Iron & copper losses constant;  
frequency limit: breakdown/rated power reaches 160%. 
 
 :Nsth fff  Constant torque range:  
Iron losses and air flow decrease: at fth, e.g.  Nth ff 5.0~  thermal limit. 
 
 
 :ths ff  Reduced torque operation:  
Reduction of current to decrease copper losses due to low air flow 
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Variable speed induction motor with shaft-mounted fan cooling

 Cooling air flow of shaft-mounted fan rises linear with speed: NsN ffnnV /~/~

Thermal limit at low speed

Source: 
Siemens AG

Typical example of motor characteristics

Nth ff 3.0
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Y-D (star-delta) to increase power by speed

 Star: Phase voltage , phase current IY = inverter current Iinv,Y.
 Delta: Phase voltage U = Line-to-line voltage Uinv, Phase current .

sYsY ffUU 33   IIY 3for same flux Inverter current:

3invY UU 
3, invII 

ss fU ~

Increase of phase voltage in “delta” by 73% allows increase of speed by 73% from 
50 Hz to 87 Hz for constant torque. So power increases by 73%, but also current !  

Iinv Iinv

invinv
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Motor power increase with delta connection
Example: 4-pole induction motor, power factor 0.85, efficiency 90% 
 

stator winding connection star  delta 
inverter maximum output voltage line-to-

line max,LLU  
400 V 400 V 

motor maximum phase voltage max,sU  230 V 400 V 

motor frequency fs = fN at max,sU  50 Hz 87 Hz 

 motor rated phase current IsN 100 A 100 A 
motor rated line current IsN 100 A 173 A 

Motor rated torque MN 336 Nm 336 Nm 
motor output power pMfP NN /2  52.3 kW 90.6 kW 

inverter power rating sNLL IUS max3  69 kVA 119.4 kVA 
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Increase of constant torque range & output power 
By switching the winding from a) star to b) delta connection !

thf NYf
Nf maxf
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Flow rate variation 

a) by throttling: Pump 
operates at fixed speed
b) by speed variation: 
Lower pump speed = lower 
flow rate. No throttling 
losses = better overall 
efficiency. Up to 60% 
lower total losses!

Source: KSB, Frankenthalflow rate Q

Hydraulic flow losses

Throttle losses

Pump losses

Application: Variable speed drive for pumping
Example:
The flow rate Q shall be changed! 

he
ad

 p
 (H

)
Pump Throttle valve

Pump head at 
HIGH speed n1

height difference

Pump head at 
LOW speed n2

By-pass valve
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Source: Siemens AG, Pictures of the future

Electric energy 
consumption (%)

Flow rate (%)

100%

100%
Throttling

Speed variation 
of pump

Energy 
savings
60%

Variable speed pumping reduces losses
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Elevator: 
1 Ton pay-load, 17 m delivery head, 5 stops

a) Old drive: - Fixed speed drive at the grid: 8.8 kW-induction motor, 
- Speed variation by pole-changing („slow-fast“)
- Standard gear
- Mechanical braking during stops (Braking energy as heat)

b) New drive: - 7.5 kW induction motor with raised efficiency
- Speed variation via inverter-feeding
- Low loss gear with synthetic oil
- Energy recovery during braking via the inverter 

(with Active Front End) 

Total energy saving per ride: 81 % at full load (best case)

Pay-back time for the more expensive “New drive” 5.5 years at a rate of 
400 daily rides! Source: ZVEI, Frankfurt, Germany

Variable speed elevators save energy
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5.3 Features of special induction motors for 
inverter operation

5. Inverter-fed induction machines

Source: 
ELIN EBG Motoren 
GmbH, Austria
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Induction motor design: Grid vs. inverter-operation
 Equivalent circuit motor parameters for line- vs. inverter operated induction machines

Aim  Grid / Inverter air gap L Rr 
Big breakdown torque  - small - 

Small magnetizing current small - - 
low starting current - big big 
big starting torque  small big 

Low additional losses big big small 
 - Low leakage: many slots, no skew, no deep slots, big slot openings

- Small magnetizing current: small air-gap, low iron saturation
Line-operation:
- Big starting torque: big current displacement, deep rotor slots, special rotor cage
- Good starting performance: skewing is necessary to minimize harmonic torque.

Inverter operation:
- Small current displacement: round or oval rotor slots
- Low additional losses: Avoid skewing to avoid inter-bar currents.
- Sufficient leakage: small slot openings, stray inductance must limit current harmonics.
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Tooling machine: Variable speed main spindle drive

 Belt as mechanical gear for big torque at the spindle at low speed
Source: 
Siemens AG

actual speed 
value

set-point speed value

speed control angular 
position control

actual angle 
value
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Increase of constant power range by switching a mechanical gear

 Gear transfer ratio i > 1:  Increase of constant power range at low speed e.g. i = 4

Example:

i = 4: 

nN = 500/min

nmax = 7500/min

n´N = 125/min

Extension of constant power 
range from

500 … 7500 = 1:15

to 125 … 7500/min = 1:60
Logarithmic scale

Source: 
Siemens AG
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Planetary gear
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Source: NKE, Germany
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Switching planetary gear with i = 1 and i = 4
1: gear housing 2: motor

3: sun wheel

4: planetary wheel

5: hollow wheel

6: planetary wheel support

7: switching unit

8: shifting sleeve               
position I: gear ratio 1: i, 
position II: gear ratio 1: 1

9: motor shaft     10: gear shaft 

11: housing        12: belt pulley

Source: 
Siemens AG

The motor has a holding brake at switched-off power.
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Induction motors for wide field weakening range

- Over-sizing of motor: Mb/MN increased

- Increase of inverter current rating Is: Ns reduced, 
IsNs = const. for constant rated torque
= increased conductor cross section Ac at constant current 
density Js = Is/Ac (slot fill factor kQ = NcAc/AQ = const.,  I
inductance Ls ~ (Ns)2 decreased, Mb ~ 1/Ls increased

- Star-delta switching of stator winding    

- Series-parallel switching of stator winding
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Star-delta switching of stator winding for same motor volume 
to increase constant power range by 1:3

Source: Huth, G.; ETG-Fachtagung, 1989

Ns reduced: UN,mot < UN,inv

“Ns/1.7”

Factor “3”

UN,mot = UN,inv

a)

b)

Oversized inverter rating

2550

a) 4-pole Y-connected motor with 66 turns 

b) As a), but 170% higher turns number 111. 
At DELTA connection 300% increased 
breakdown torque. So constant power 
operation with 9 kW up to 13500/min. 
Increased -power NOT used!
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Series-parallel switching of stator winding
High performance 4-pole induction motor with 
star-delta switch to enlarge constant power 
range, rated speed at Y: 500/min, rated 
frequency 16.7 Hz

Standard induction 4-pole motor, D connected 
winding, rated speed 1460 /min, rated 
frequency 50 Hz 

Source: 
Siemens AG

Factor “3”
No Y--switching 
used!
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Series-parallel switching of stator winding (1)

Series: Ns

Parallel: Ns/2











Ns/2

Ns/2

Ns/2Ns/2

U

U

Parallel: Pb) = 2Pa) series
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Series-parallel switching of stator winding (2)
- Increasing constant power range by factor 4
- Increase of field weakening by factor 4 from 1:2.5 to 1:10

Parallel: Pb) = 2Pa) series
NOT used !
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5.4 Influence of inverter harmonics on 
motor performance 

5. Inverter-fed induction machines

Source: 
ELIN EBG Motoren GmbH, 
Austria
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Inverter with voltage six step operation

 Bridge rectifier with thyristors on grid side
GR (firing angle ) generates variable DC 
voltage Ud in DC link ZK; voltage smoothed 
by capacitor.
 Inverter WR generates by six-step 
switching from Ud a block shaped line-to-
line output voltage between terminals L1, 
L2, L3.

 DC link voltage Ud is changed by  proportional with output frequency fmot = 1/T
 Grid side energy feed-back only possible with 2nd anti-parallel thyristor bridge: At  > 90°
positive Ud and negative Id give negative dc link power = power to the grid (gener. braking).

Source: 
Kleinrath. H.; 
Springer, 1980
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Voltage harmonics at six-step operation (see Chapter 1)
 Inverter output phase voltage:

we get:

;2121 LLSS uuu  ;3232 LLSS uuu  ;0321  SSS uuu

3
2 3221

1
LLLL

S
uuu  



 Block shaped line-to-line voltage,
expanded as FOURIER-series:







,..7,5,1

, )cos(ˆ)(
k

skLL tkUtu 

,61 gk  ,...2,1,0 g

 k = 1, -5, 7, -11, 13, ...

k
UU d

kL 32ˆ
, 


Electrical machine is fed with a mix of harmonic voltages of different amplitude, 
frequency and phase angle. Only fundamental (ordinal number k = 1) is desired. 
Voltage harmonics (|k| > 1) cause harmonic currents in electric machine with 
additional losses, torque pulsation, vibrations and acoustic noise.

Source: 
Kleinrath. H.; 
Springer, 1980
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Harmonic voltage systems (see Chapter 1)

 General rule: Positive and negative systems occur alternatively: Ordinal number k
has a positive or negative sign: k =+1, -5, +7, -11, +13, …

gk 61 ,...2,1,0 g

k = 5  k = -5:k = 1:
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Pulse width modulation (PWM)
 At grid side: Diode rectifier GR
(= firing angle  = 0): generates constant
DC link voltage Ud , which is smoothed by
capacitor:

 Motor side inverter WR generates from Ud by pulse width modulation a line-to-line
voltage between L1, L2, L3. Width of pulses is defined by comparison of saw tooth
signal uSZ (switching frequency fsch) with AC reference signal uref , which pulsates with
desired stator frequency fs . With comparator a PWM-signal is generated to control power
switches. Reference signal is most often sine wave.
 Amplitude A1 of uref defines amplitude of fundamental of PWM voltage at motor terminal.
So it is varied proportional to fmot .

 Grid side: . No power flow back into grid possible. (For that a grid-side inverter
and a grid-side inductance is necessary !). Therefore generator braking power has to be
dissipated in ”brake"-resistors, which are connected in parallel with capacitor in DC link.

.~ constUU gridd 

1cos 
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Generation of PWM voltage
a) Comparison of saw tooth and reference signal lead to PWM control signal for power 

switches: Potential L1(t) at terminal L1 varies with that PWM signal
b) Difference of two terminal potentials delivers line-to-line voltage uL1-L2(t)

Source: 
Kleinrath. H.; 
Springer, 1980

m = A1 =                        modulation degree)2//(ˆ
dphase UU

Ts

Example:
Synchronous 
switching mode

Ts/Tswitch = integer

fs = fmot = 1/Ts

fT = 1/Tswitch

fp = 2/Tswitch
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Voltage harmonics: Six-step and PWM

k 1 -5 7 -11 13

1
ˆ/ˆ

LLk UU 1 -0.2 0.14 -0.1 0.08

 Six-step modulation: FOURIER spectrum of line-to-line inverter output voltage:

 PWM: FOURIER spectrum of terminal electric potential L1(t) and of line-to-line voltage
uL1-L2(t) (at modulation degree m = A1 = 0.5 and switching frequency ratio fT/fs = 9)

k 1 3 5 7 9 11 13 15 17 19

 2//ˆ dk U 0.5 <10-5 0.001 0.09 1.08 0.09 0.002 0.04 0.36 0.36

1,,
ˆ/ˆ

kLkL UU 1 0 0.002 0.18 0 0.18 0.004 0 0.72 0.72

Spectrum of terminal potential L shows big amplitude of fundamental, of switching 
harmonic (k = 9) and at about twice switching frequency fp = 2 fT (k = 17 and 19).

19 ,171181  k
f
f

k
s

p

Voltage harmonics with ordinal numbers, divisible by 3, do not occur in line-to-line voltage, 
because fT/fs is divisible by 3 ! 
At high switching frequency fT the amplitudes of all low voltage harmonics fk < fT are small.
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FOURIER-Spectrum of voltage harmonics: 
Six-step operation

f / Hzfs = 800 Hz

uLL/Ud

ULL,k/Ud  ~ 1/k

5.  7.

t / s
Source: 
T. Lu, PhD Thesis, TU Darmstadt, 2004
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FOURIER-Spectrum of voltage harmonics: PWM at 50% 
modulation degree

f / HzFundamental frequency fs = 800 Hz

Switching frequency fT = 12000 Hz = 15fs

uLL/Ud

uLL,k/Ud

2fT–fs  2fT+fs

t / s

Source: 
T. Lu, PhD Thesis, TU Darmstadt, 2004

43.02/3/ˆ:5.0)2//(ˆ:1 1,1,  mUUUUmk dLLdphase

0.43
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FOURIER-Spectrum of voltage harmonics: PWM at 100% 
modulation degree

f / HzFundamental frequency fs = 800 Hz

Switching frequency fT = 12000 Hz = 15fs

uLL/Ud
uLL,k/Ud

fT–2fs  fT+2fs

t / s

Source: 
T. Lu, PhD Thesis, TU Darmstadt, 2004

866.02/3/ˆ:1)2//(ˆ:1 1,1,  mUUUUmk dLLdphase

0.866
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Example: Voltage harmonics at “synchronous” PWM 

Reference signal: 
sinusoidal

Modulation ratio
d

LL

U
U

m



)2/3(

ˆ
1,

0.866

Source: 
T. Lu, PhD Thesis, TU Darmstadt, 2004
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Example: Current harmonics at PWM
Reference signal: 

trapezoidal
Reference signal:

rectangular

Switching 
ratio:

fT/fs = 6

Switching 
ratio:

fT/fs = 9

Current ripple 
amplitude decreases 
inverse with 
increasing switching 
frequency
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Voltage harmonics cause current harmonics
 The voltage harmonics per phase Us,k (frequency k-times fundamental frequency kfs) cause 

current harmonics per phase Is,k in stator winding. 
 These 3-phase harmonic current systems excite in the air gap a “high-speed” magnetic field 

wave (with pole count 2p due to the winding): 
kth synchronous velocity (“high speed”): pfkn sksyn /, 

1)1(1111
,

, 





 s
kn

n
kkn

nkn
n

nn
s

synsyn

syn

ksyn

ksyn
k

    )()(
1 ,

222
,

,


 rss

ks

rssrs

ks
ksk LLk

U

LLkRR

U
Is







As harmonic slips sk are nearly unity, 
independent of base slip s, harmonic 
current amplitudes Is,k are nearly 
independent from load. Current 
harmonics are already present at no-
load (s = 0) to full extent.

High speed fields 2p induce the rotor cage, causing rotor current harmonics with high 
frequency:  frk = skfs,k  fs,k ; causing big eddy currents in rotor bars and big additional rotor 
losses !

 Rotor slip with kth high-speed field sk :
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Example: Current harmonics at six-step modulation
 Amplitudes of current harmonics at six 
step operation:

2
,

,
1~

)( kLLk
U

I
rss

ks
ks

 


k 1 -5 7 -11 13

1
ˆ/ˆ

LLk UU 1 0.2 0.14 0.1 0.08

1,, / ksks II 1 0.04 0.02 0.008 0.006

 Amplitudes of current harmonics decrease with inverse of square of ordinal number k,
because the leakage inductances smooth the shape of current (= they reduce the
current harmonics !)

FOURIER sum of 25 current harmonics Exact solution of dynamic machine equation
with space vector theory

Torque rippleSource: 
Kleinrath. H.; 
Springer, 1980

:1,1  kss
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Additional machine losses at inverter-supply

Current displacement: AC deep bar resistance increases by ratio kEbarRk dhk ,/  with
penetration depth (conductivity , permeability  of rotor bar conductor)  
 

srkkE fkfd   /1/1,           . 
 
Losses in bar conductors for kth harmonic of voltage/current: 

2

2
,2

,
2
,~,,, ))((  rss

ks
rRkrkrrRkrkrrrkinvrad LLk

U
RkQIRkQIRQP


    

22
,,,, /~ kUkP kskinvrad    

- Additional cage losses:

- Additional “iron losses”: Rotor surface eddy current losses; losses in the end shields, ... 

- Additional inter-bar current losses: rather small, as only field fundamental waves  = 1 
are of considerable amplitude for k  1. But field waves  = 1 do not produce much inter-
bar currents in skewed cages. 
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Influence of rotor slot shape on additional cage losses AT LOW 
SWITCHING FREQUENCIES fT = HIGH POWER MOTORS

Example: fsN = 50 Hz, Model motor 15 kW for investigating losses in high-power motors, 
synchronous switching, fT = 750 Hz (fT/fs = 15):
Additional cage losses: numerically determined:
Slot shape A: 190 W, slot shape C: 60 W.

„not so good“                    „good“                                                   „better“

Source:
Arkkio, A.; ICEM, 1992

- surface eddy currents
- current displacement

- Closed bridge increases 
leakage inductance = 
reduction of harmonic 
currents

- Slit gives independence of leakage 
inductance of bridge saturation
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Increase of switching frequency to decrease add. losses

grid operation inverter operation
fs / Hz 50 50 50 50
fT / Hz - 2 400 4 800 9 600

fp = 2fT / kHz 4.8 9.6 19.2
Efficiency motor 81.9 % 81.3 % 81.4 % 81.4 %

Efficiency inverter - 96.9 % 96.8 % 95.9 %
Overall efficiency 81.9 % 78.8 % 78.8 % 78.1 %

Example:
- 2-pole motor, 3 kW, 380 V Y; voltage source inverter 8.3 kVA, asynchronous   
switching (fT = const.) with rating 8.3 kVA, 400 V. 

- Motor is operated at fs = 50 Hz, slip s = 4.5% at 10 Nm, 3 kW.
- Motor and inverter efficiency were measured by directly measuring input and output 
power both of motor and inverter for different inverter switching frequencies.

Facit:
At fp = 9.6 kHz the motor efficiency is higher (motor heating is lower), and the overall 
efficiency is the same as at 4.8 kHz. At 19.2 kHz the current ripple reduction in the motor is 
already negligible, but inverter switching losses increase considerably.
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Measured PWM voltage 
Measured Fourier spectrum of line-to-line voltage, fT = 2.4 kHz, fp = 2fT = 4.8 kHz,
2-pole induction motor, 3 kW, load operation, ULL,rms = 403 V

4850 Hz    
4750 Hz

Source:  Siemens AG

4750 4850



Institut für Elektrische
Energiewandlung • FB 18

TECHNISCHE 
UNIVERSITÄT
DARMSTADT

Prof. A. Binder : Motor Development for Electrical Drive Systems
5/48

Measured motor current at PWM feeding
Measured Fourier spectrum of phase motor current, fT = 2.4 kHz, fp = 2fT = 4.8 kHz,
2-pole induction motor, 3 kW, load operation, r.m.s. current 6.25 A

4750 Hz  
4850 Hz

36 mA

Source:  Siemens AG

6 A
2 A

4750 4850
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-Time harmonic current:
e.g. at 9550 Hz: mA (measured: 35 mA)

- Peak-to-peak current ripple: Two phases in series: 2L active.

Determination of harmonic stator/rotor currents

ULL,k Is,k Is,k / Is,k=1

fs 50 Hz 372 V 6.2 A 100 %
2fT - fs 4750 Hz 89.5 V 0.18 A 2.9 %
2fT + fs 4850 Hz 91.3 V 0.18 A 2.9 %
4fT - fs 9550 Hz 38.6 V 0.035 A 0.6 %
4fT + fs 9650 Hz 24.8 V 0.027 A 0.4 %

Example:
Measured Fourier spectrum of line-to-line voltage & phase motor current, fT = 2.4kHz

6.38
00961.095502
3/6.38

)(
3/, 







  rssk

kLL
sk LL

U
I

A
fL

Ui

fTttiLUdtdiLu

p

d

ppd

8.2
480000961.04

525
4

:)2/(12/,/2/















 rs LLL 


k

kIAA 1)22/(8.2
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Measured PWM voltage at increased switching frequency 
Measured Fourier spectrum of line-to-line voltage, fT = 4.8 kHz, fp = 2fT = 9.6 kHz,
2-pole induction motor, 3 kW, load operation, ULL,rms = 401 V

9650 Hz   
9550 Hz

Source:  Siemens AG
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Measured motor current at increased switching frequency
Measured Fourier spectrum of phase motor current, fT = 4.8 kHz, fp = 2fT = 9.6 kHz,
2-pole induction motor, 3 kW, load operation, r.m.s. current 6.27 A

9650 Hz 

Source:  Siemens AG

fp  2fp: i  i/2
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Measured motor current at a) PWM and b) grid operation
Measured Fourier spectrum of phase motor current, fT = 4.8 kHz, fp = 2fT = 9.6 kHz,
2-pole induction motor, 3 kW, load operation, r.m.s. current 6.27 A

a) PWM                                             b) sine wave grid
- Nearly no difference between current wave form at PWM with high switching 
frequency and sine wave voltage operation.

- Harmonic content in the stator current is caused mainly by rotor slot harmonics 
of the air-gap field, excited by the fundamental rotor current.

Source:  Siemens AG
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No-load iron and additional losses at sinus and inverter supply

Measured !

270 kW, 400 V, 2-poles,
high-speed induction 
machine, 
max. 16000/min

Comparison of no-load 
iron and additional losses
a) Sinus supply
b) IGBT-PWM-Inverter-

supply, 4 kHz, 
star connection Y,

c) delta connection D.

Dependence of stator 
fundamental frequency fs.
During measurements air 
gap flux density had been 
maintained constant.0               270 Hz

400 V Y



: Lower modulation degree = higher 
harmonic voltage amplitudes = 
higher add. losses!
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Inverter-induced torque ripple

 As ssk fgfkf 611  , the pulsating torque occurs with multiples of six
   time stator fundamental frequency.  
 Each two harmonics contribute with their torque amplitudes to one resulting
   pulsating torque with the sum of both torque amplitudes:  
Example: 
k = -5 and k = 7: 5,1,

ˆ
eM , 7,1,

ˆ
eM , frequency  6fs 

resulting amplitude 7,1,5,1,6,
ˆˆˆ

eefe MMM
s

  . 

- Fundamental air gap field amplitudes Bsk,=1 of stator harmonic  
  currents Isk produce with rotor harmonic currents Irk tangential Lorentz- 
  forces, and therefore additional torque components. 
- Stator field Bsk=1,=1, excited by fundamental current Is,k=1, generates with 
  rotor harmonic current Irk of DIFFERENT ordinal number k  a pulsating 
  torque Me,1k, which is proportional to product Me,1k ~ Bsk=1,=1

.Irk or due to
  Bsk=1,=1 ~ Isk=1 it is Me,1k ~ Is1 

.Irk . Pulsating frequency: sksk fff 1  
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Torque ripple amplitude at six-step operation

Ripple frequency = 6-times fundamental frequency and multiples

Fundamental field waves of stator current time harmonic k = -5 & k = 7
produce a pulsating torque with the fundamental field wave of the fundamental 
stator current k = 1 with f1k=-5 = 6fs & f1k=7 = 6fs

Source: 
Kleinrath. H.; 
Springer, 1980

T = 1/fs

1/(6fs)
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Air-gap torque ripple amplitude

 tk
lBIQp

M s
Fesrkrp

ke 


  )1(sin
2

ˆ
1, 




Example: 
8-pole induction motor, 440 V Y, 60 Hz, 2.6 kW, 5.6 A, 28.4 Nm, 860/min, inverter supply at
fs = 50 Hz,Ud = 525 V, PWM, switching frequency fT = 2.4 kHz 
Motor data: ms = 3, Qs/Qr = 48/44, lFe = 80 mm, L = 19.6 mH,  kws = 0.933, Ns = 344, 
stator field fundamental: 1sB T 

 Lk
U

Q
kNmI

s

ks

r

wsss
rk

,
ˆ

2/
ˆ   

k  fk ksU ,
ˆ  rkÎ  keM 1,

ˆ  sfgeM 6,
ˆ  f1k 

- Hz V A Nm Nm Hz 
95 4750 73.1 5.5 0.85   
97 4850 74.2 5.4 0.83   

     1.68 4800 
 

Air gap torque ripple: 1.68/28.4 = 5.9 %
Shaft torque ripple: 0.0015 Nm ( = 0.005 %) 
due to rotor inertia and elastic coupling2fT/fs ± 1 = 95, 97: k = -95, 97

kHzffkfff sssksk 8.49611 

1,1,   kss BB
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Shaft-torque much smoother than air-gap torque
Rotor of motor coupled to rotating load via 
an elastic coupling

- coupling stiffness c

- inertia of motor and load JM, JL

Resonance frequency f0:
big … small motors: 20 Hz … 200 Hz

LM  

)sin(
ˆ

)()( 22 tc
J
Mtctm

oM
s 


 




LM

LM

JJ
JJc




0

Pulsating shaft torque:

Low exciting frequency f < f0:

High exciting frequency f > f0: 

)sin(ˆ)( t
JJ

JMtm
LM

L
s 




)sin(
ˆ

)( 2 tc
J
Mtm

M
s 




Facit: Switching frequency torque ripple smoothed 
strongly by rotor inertia and elastic coupling above f0 !

kf12 

f < f0    f > f0
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Air-gap torque ripple amplitude

2
1

6,
01

6,
01 )2(

ˆ
ˆ:

ˆ
ˆ:

kM

fge
sk

ML

Lfge
sk fJ

cM
Mff

JJ

JM
Mff ss











Shaft torque ripple is below torsion resonance f0 determined by ratio of load versus 
motor inertia, above resonance by the inverse square of pulsation frequency

Example:
f0 = 200 Hz, fs = 10 Hz, JL = JM

a) f1k = 6fs = 60 Hz < 200 Hz b) f1k = 2fT = 4.8 kHz > 200 Hz. 

Torque ripple:
- in air gap: 3.3% 5.9%

- at the shaft: 1.7% 0.005%

Although 6fs-torque ripple in the air gap is lower, the shaft torque ripple with 6fs is 
dominating over high harmonic torque components.

Due to speed and frequency variation the torsion resonance might be hit.
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Measured shaft torque ripple: Low n, high JL

 a) symmetrical PWM b) asymmetrical PWM 
Lowest torque ripple frequency

Hz
ffgf ssk

2.72.16
661



  
Hz

ffgf ssk

6.32.13
331



  

Measured torque ripple Mŵ  14.4% 35.0% 

Torque ripple amplitude  0.18 Nm 0.43 Nm 
 

 Example: 
Induction motor: 2 pole, 750 W, 2850/min, 2.51 Nm, 400 V D, 50 Hz, 1.6 A 
Voltage-source IGBT Inverter: 1500 VA, 2.2 A, 400 V 
Motor operated at fs =1.2 Hz, n = 20/min, s = 0.72, M = 1.24 Nm = 50% rated torque 
a) PWM, asynchronous switching: ,...2,1,0,...13,11,7,5,161  ggk  
b) PWM voltage output pattern is not symmetrical to abscissa: 
Voltage harmonics with even ordinal numbers occur: 

,...2,1,0,...13,11,10,8,7,5,4,2,131  ggk  

Low speed 20/min

s = 1  0.72                0

M(n)MN/2
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Measured torque ripple

 a) symmetrical PWM b) asymmetrical PWM 
Lowest torque ripple frequency

Hz
ffgf ssk

2.72.16
661



  
Hz

ffgf ssk

6.32.13
331



  

Torque ripple amplitude  0.18 Nm 0.43 Nm 
 

Source:  Siemens AG
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Inverter-induced acoustic noise
• In addition to the magnetically excited acoustic noise at sinus voltage supply, additional air gap waves 
 = 1 of the current harmonics Isk will add to acoustic noise with new tonal frequencies, mainly with

inverter pulse frequency fp = 2fT.

Stator fundamental field waves ( = 1): 
a) excited by magnetizing current rsm III  with stator frequency fs : 








 cos2
2
2cos2cos),(1,1 










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





 ss

p

s
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p

s
sssk Btf

p
xpBtfxBtxB  

b) excited by magnetizing current rkskmk III   with stator harmonic frequency fsk : 





 cos2
2
2

cos),(1, 









 sks

p

s
skssk Btfk

p
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BtxB  

Magnetic pull: kkBBBfBtxBtxf
kk

ksskskkn
k

sk
s

sn  







 1,

2
1,

2
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2
2~)(~

2
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Radial force density waves, causing oscillating pull on iron stack: )cos(~1,  knf  
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2
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1, tf
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
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Vibration mode of inverter-induced acoustic noise

Tonal frequency fTon,k  : 
 

kff skTon  1,    for pr 42    

kff skTon  1,    for 02 r   
 
Dominating current harmonic amplitudes at frequencies sTsk fff  2 .  
Dominating acoustic noise at  

TsskskTon fffkff 21,     or  sTkTon fff 22,  . 

Inverter caused magnetic noise is usually excited with twice switching 
frequency ("pulse frequency"). Modal vibration is r = 0, so the sound is far 
reaching and well audible.

Example:

2p = 4, 2r = 0 or 8.
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Influence of switching frequency on acoustic noise at 
inverter-operation

Measured A-weighted sound pressure level at 1 m distance:

250 W, PWM inverter-fed induction motor, 

Varying switching frequency fT and pulse frequency fp = 2fT .

Source:  Siemens AG

2 kHz  4 kHz: A-weighting increases Lp

4 kHz  8 kHz  16 kHz: current ripple decreases and so does noise



Institut für Elektrische
Energiewandlung • FB 18

TECHNISCHE 
UNIVERSITÄT
DARMSTADT

Prof. A. Binder : Motor Development for Electrical Drive Systems
5/64

Influence of space harmonics at inverter-operation
• Asynchronous and synchronous harmonic torque occur at big slip: s = 0.8 ... 1.2

• At low speed, full-load slip increases up to unity, so space harmonic torques are in the 
range of motor operation.

• Motor current: ~ rated current (not – as during line-start – ~ 500% of IN). So parasitic 
torque ~ I 2 components are negligible.

Example: Unskewed 4-pole cage induction motor, 15 kW, 380 V, D, 50 Hz, 30 A, Qs/Qr = 36 / 28. 
Synchronous harmonic torque at slip 0.86: harmonics 13  , speed 215/min. 

 a) 50 Hz line operation b) 1.5 Hz inverter operation 
Synchronous speed 1500/min 45/min 

speed at rated torque 98 Nm 1460/min 5/min 
slip at rated torque 98 Nm 2.6 % 88.9 % 
rotor frequency at 98 Nm 1.3 Hz 1.3 Hz 

current at slip 0.86 (synchronous 
harmonic torque) 

550 % rated current 100% rated current 

speed at synchronous torque (1-0.86)1500=215/min (1-0.86)45=6.3 /min 
Synchronous torque amplitude 150 Nm 150.(1/5.5)2 = 5 Nm 
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SMALL harmonic torque at inverter operation with rated 
current

50 Hz 1.5 Hz

550 % rated current 100 % rated current

Big synchronous harmonic torque                       Small synchronous harmonic torque

Source: 
Arkkio, A.; ICEM, 1992
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Unskewed induction motors for inverter operation

- Inverter-fed motors start via frequency control with rated current, so the harmonic 
torques are small. Therefore no skewing is necessary!

- Advantage of unskewed induction motors: 

- Minimization of inter-bar currents = reduction of additional losses !

- Maximum magnetic coupling between stator and rotor winding = Increase of main 
inductance, no skew leakage reactance = total leakage flux is reduced !

- As in unskewed induction motors there are nearly no inter-bar currents, the rotor slot 
number may be bigger than the stator slot number: Qr > Qs!

- Advantage: At Qr > Qs the ratio Qr/p increases. The rotor air-gap field gets more 
sinusoidally distributed = the rotor harmonic leakage flux is reduced = total 
leakage flux is reduced !

- Reduction of total leakage flux = reduction of BLONDEL´s coefficient  = increase of 
breakdown torque Mb according to KLOSS´s function!

s
s

s

s
b X

UpmM








1
2

2 Example: Six-pole unskewed cage induction machine: 
Qs = 36, Qr = 42 > 36


